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3 2
32

2 4 5
( 1) 1 5 2 (40 8 5 25 4 16) 48

1 1 4
A  

3 3
33

2 3 5
( 1) 1 1 2 8 6 5 12 7

1 0 4
A  

3 4
34

2 3 4
( 1) 1 1 5 (2 15 4 3) 10

1 0 1
A  

4 1
41

3 4 5
( 1) 1 5 2 (30 8 15 25 18 8) 22

1 3 2
A  

4 2
42

2 4 5
( 1) 1 5 2 20 16 15 50 12 8 51

2 3 2
A  

4 3
43

2 3 5
( 1) 1 1 2 (4 12 5 10 4 6) 11

2 1 2
A  

4 4
44

2 3 4
( 1) 1 1 5 6 30 4 8 10 9 13

2 1 3
A  

 ,     : 

8 9 33 22
22 1 48 51

4 5 7 11
3 1 10 13

TA  

   det A,   : 
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1

8 9 33 22
19 19 19 19
22 1 48 51
19 19 19 19

4 5 7 11
19 19 19 19
3 1 10 13

19 19 19 19

A  

 

7.  ’       -1. 

’ :  

1

2

3

4

x
x

X
x
x

 

      AX=b.  ’    

 X=A-1b.  

8 9 33 22
19 19 19 19

0 122 1 48 51
7 119 19 19 19

4 5 7 11 4 1
19 19 19 19 4 1
3 1 10 13

19 19 19 19

X  

: (-1,1,1,1). 
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 .   

  

1 2 3

1 2 3

1 2 3

2 3 4 5
  5 5

2  3 0.
 

 

1.        b  

’  

2 3 4 5
1 1 5 5
2 1 3 0

A b  

 

2.            . 

’  

     

2 3 4
1 5 1 5 1 1

| | 1 1 5 2 3 4 16 21 12 25
1 3 2 3 2 1

2 1 3
A  

 

3.  ’     . 

’  
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1

5 3 4
5 1 5 15 20 25 45 25
0 1 3

 

2

2 5 4
1 5 5 30 50 40 15 25
2 0 3

 

3

2 3 5
1 1 5 30 5 10 10 25
2 1 0

 

31 21, 1, 1.
| | | | | |

x y z
A A A

 

: (-1,1,1). 

 

5.  ’    . 

2 3 4 5
1 1 5 5
2 1 3 0

A b  

’  

       

2 3 4 5 1 1 5 5 1 1 5 5 1 1 5 5
1 1 5 5 2 3 4 5 0 1 6 5 0 1 6 5
2 1 3 0 2 1 3 0 0 3 7 10 0 0 25 25

 

 

3

2

1

25 1
25
5 6 1 1

1
5 5 1 1 1 1

1

x

x

x
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: (-1,1,1). 

5.     ? 

’ :       0,      

 ,   3. 

: 3. 

 

6.    -1. 

’ :      . 

2 3 4
1 1 5
2 1 3

A  

det A = 25 

  : 

1 1
11

1 5
( 1) 8

1 3
A           1 2

12

1 5
( 1) 7

2 3
A         1 3

13

1 1
( 1) 3

2 1
A  

2 1
21

3 4
( 1) 13

1 3
A      2 2

22

2 4
( 1) 2

2 3
A      2 3

23

2 3
( 1) 8

2 1
A  

3 1
31

3 4
( 1) 11

1 5
A          3 2

32

2 4
( 1) 6

1 5
A      3 3

33

2 3
( 1) 1

1 1
A  

 ,     : 

 

8 13 11
* 7 2 6

3 8 1
A  
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 *  det A,   : 

1

8 13 11
25 25 25
7 2 6
25 25 25

3 8 1
25 25 25

A  

 

7.  ’       -1. 

’ :  

1

2

3

x
X x

x
 

      AX=b.  ’    

 X=A-1b.  

8 13 11
25 25 25 5 1
7 2 6 5 1
25 25 25

0 13 8 1
25 25 25

X  

: (-1,1,1).  
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2.       
 

    
 

 1.1      
 

= ,  

 
     : 

 
 

 
                  

1 -3 -2 4 4 -4 3 -4 5 -1 -2 -4 1 2 -4 2 -5 

2 -2 -5 1 5 -1 -1 4 1 2 5 -3 1 4 3 -2 -2 

3 3 -2 -2 5 -4 1 -4 -5 3 -3 -3 -3 3 1 5 2 

4 3 4 1 -4 -2 4 4 -5 2 1 1 3 -3 1 4 2 

5 -3 4 3 1 1 -1 -1 2 -4 4 1 2 -2 3 2 4 

6 -4 -2 -1 -3 -1 -4 1 2 1 2 -5 -3 -5 -4 -2 3 

7 3 -3 3 4 4 -2 2 3 3 5 1 -4 -4 1 5 1 

8 1 1 4 -3 3 -4 5 -1 -4 1 2 -5 -3 -2 3 -1 

9 1 3 -3 5 2 2 -1 -5 -5 -3 -1 -4 1 1 -1 -4 

10 -5 -5 -3 5 -4 1 1 1 2 -5 1 -2 4 3 5 -2 

11 -5 -2 -2 1 1 -5 4 5 -3 3 4 1 3 -2 -1 -4 

12 -2 -1 1 2 3 3 1 -1 -5 5 -3 4 -2 2 1 -1 

13 -1 1 3 4 -5 1 1 1 -5 -4 2 5 -4 3 -5 -2 

14 -2 -3 -1 -2 -5 -5 5 -2 4 2 -1 2 3 1 -2 3 

15 -4 5 -3 3 -3 1 -5 2 2 -4 -4 3 -5 3 1 4 
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 1.2       D 
 

= ,  

 
      :  

 
  

          

1 -3 4 -4 -2 -4 1 4 3 -1 

2 -4 -4 -5 1 2 -2 2 -5 -5 

3 5 4 5 1 1 -3 -1 2 1 

4 3 1 -2 -2 3 5 -2 -2 -4 

5 -4 -3 3 1 -3 1 3 -3 5 

6 1 -1 4 3 -4 4 4 -2 -5 

7 1 -3 2 1 -1 4 1 4 -3 

8 1 -1 4 2 -1 4 1 2 1 

9 -2 3 1 3 5 -1 2 -4 -3 

10 -4 -1 -3 1 2 1 2 -5 -4 

11 3 -3 4 1 3 -2 3 4 2 

12 3 1 5 5 -4 1 1 5 -2 

13 1 1 -1 4 -4 -4 -3 5 4 

14 -5 3 1 -3 -1 3 -2 1 -3 
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15 1 -5 -1 2 -5 -4 -1 -3 1 
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 1.3.   ’    [1].    
 ’ . 

 
11 1 12 2 13 3 14 4 1

21 1 22 2 23 3 24 4 2

31 1 32 2 33 3 34 4 3 ,

A x A x A x A x B
A x A x A x A x B
A x A x A x A x B

  

 
 

                 

1 3 1 -3 6 1 -2 -1 2 4 6 -4 8 12 -3 30 

2 4 12 3 -8 -1 -3 5 2 10 30 -4 -20 -1 6 -14 

3 1 -1 -1 -2 2 -2 -2 2 9 -9 -9 0 1 8 27 

4 -2 2 -2 4 5 -2 5 -10 -12 6 -12 24 -10 16 -42 

5 -3 3 3 3 -2 2 -4 2 10 -10 2 -10 -15 -4 38 

6 2 -2 -2 3 -1 1 1 2 -4 4 4 1 6 11 16 

7 -1 -2 -1 2 5 2 5 -10 -13 -10 -13 26 -10 18 -66 

8 1 1 5 -1 2 2 1 -2 1 1 -4 -1 18 0 -18 

9 1 1 -2 -3 5 5 -10 2 -8 -8 16 -10 0 17 -34 

10 -2 -4 4 4 -3 -1 6 6 2 -6 -4 -4 -8 -7 -2 

11 -3 -6 2 -9 -1 -2 -3 -3 5 10 4 15 15 -6 -3 

12 1 -1 3 -3 5 -5 15 -4 -11 11 -33 11 -7 -13 33 

13 -4 -1 4 4 3 -2 -3 -3 2 -5 -2 -2 5 -12 -19 

14 5 5 -1 15 1 1 -4 3 13 13 5 39 19 0 57 

15 -4 -4 -12 -1 1 1 3 5 -9 -9 -27 -7 -10 12 -32 
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 1.5 

  = ( , , )    = ( , , ), 

= ( , , ), = ( , , ).  

    ’    - .  

 
  x1 x2 x3          

1 -25 -20 3 -3 4 -4 -2 -4 1 4 3 -1 

2 22 -8 -21 -3 5 4 4 -3 -2 -2 -5 1 

3 -19 -10 -1 4 1 4 1 -3 3 2 1 -2 

4 9 -7 -6 5 -4 -5 4 -3 -1 2 1 -5 

5 -6 -3 -15 3 2 4 1 1 -1 5 3 -4 

6 -13 4 -13 -3 1 -5 -1 1 1 1 -4 -3 

7 -1 -6 8 1 1 2 3 -1 -4 2    -1 4 

8 -1 22 -13 2 2 3 2 -3 4 1 -5 5 

9 7 -23 10 2 -5 1 -1 -3 -2 2 -5 3 

10 -10 -8 -19 -3 -5 -2 -2 2 -2 1 1 -3 

11 23 10 -16 5 -2 4 5 1 -3 1 1 1 

12 -8 13 -26 4 1 2 -1 -4 5 3 4 4 

13 -19 13 7 -3 2 -5 5 -1 -3 2 -5 1 

14 0 -19 -7 1 5 1 3 -4 -4 -5 -5 -3 

15 11 -2 27 2 -2 5 -5 4 -2 1 1 5 
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 1.6 

        : 

 

,  

 

      

 
           

1 2 1 1 1 4 1 1 1 2 

2 2 1 1 1 2 1 1 1 4 

3 3 1 1 1 5 1 1 1 3 

4 3 1 1 1 3 1 1 1 5 

5 4 1 1 1 6 1 1 1 4 

6 4 1 1 1 4 1 1 1 6 

7 5 1 1 1 7 1 1 1 5 

8 5 1 1 1 5 1 1 1 7 

9 6 1 1 1 8 1 1 1 6 

10 6 1 1 1 6 1 1 1 8 

11 7 1 1 1 9 1 1 1 7 

12 7 1 1 1 7 1 1 1 9 

13 8 1 1 1 10 1 1 1 8 

14 8 1 1 1 8 1 1 1 10 

15 9 1 1 1 11 1 1 1 9 
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 2.3 

    :  

+ 2 + + 2 + 2 + = 0  

   ,         

  

  11 12 22 13 23 33 

1 1 -2 3 -1 0 1 

2 3 -1 3 2 2 -4 

3 5 12 -1 2 -2 -1 

4 0 -3 0 0 1 3 

5 -5 -2 1 5
2

 
1
2

 0 

6 2 
5
2

 -3 
3
2

 
5
2

 -2  

7 1 -1 1 -2 -3 3 

8 3 1 3 3 -1 -5 

9 4 -2 1 6 -3 9 

10 1 0 0 3 -4 1 

11 1 1 1 5
2

 
7
2

 6 

12 7 2 2 -20 -16 5 

13 1 -1 1 
1
2

 -1 3 

14 1 -1 1 5
2

 
7
2

 6 

15 2 
3
2

 -1 
3
2

 1 0 

16 1 4 4 -3 -1 1 

17 1 1 1 1 1 -4 
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18 8 0 -3 1 
5
2

 1 

19 1 -1 2 -2 -3 29 

20 9 -3 1 1 0 -7 

21 1 -1 0 1 1 1 

22 1 
1
2

 1 -1 2 -12 

23 9 -6 4 -8 1 0 

24 1 -1 1 -2 -3 3 

25 6 -2 9 -2 -16 -6 

26 1 -1 -2 -2 -3 3 

27 1 -1 1 1 -3 0 

28 1 1 1 1 1 -4 

29 9 -3 1 -3 1 0 

30 1 0 1 -2 -3 0 

31 0 0 2 4 6 -3 

32 1 -2 4 1 -1 -1 

33 5 6 0 -11 -6 -19 

34 3 5 7 2 1 1 

35 1 -1 2 -2 -3 3 

36 3 -3 5 -2 -3 10 

37 9 12 16 20 15 0 

38 1 -1 -2 -2 -3 
13
3

 

39 3 1 -1 4 5 14 

40 0 
1
2

 1 5
2

 
7
2

 10 

41 3 -2 4 -1 -2 2 

42 1 3 9 2 6 -5 
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43 3 -1 3 2 2 -4 

44 5 2 8 -16 -28 80 

45 1 
1
2

 -1 
1
2

 
1
2

 0 

46 9 -2 6 3 -4 2 

47 1 3 1 3 1 -1 

48 5 
3
2

 1 
3
2

 1 -5 

49 2 -2 5 -8 0 3 

50 1 -1 2 -2 -3 3 

1 1 -2 3 -1 0 1 

2 3 -1 3 2 2 -4 

3 5 12 -1 2 -2 -1 

4 0 -3 0 0 1 3 

5 -5 -2 1 
5
2

 
1
2

 0 

6 2 5
2

 -3 
3
2

 
5
2

 -2  

7 1 -1 1 -2 -3 3 

8 3 1 3 3 -1 -5 

9 4 -2 1 6 -3 9 

10 1 0 0 3 -4 1 

11 1 1 1 
5
2

 
7
2

 6 

12 7 2 2 -20 -16 5 

13 1 -1 1 
1
2

 -1 3 

14 1 -1 1 
5
2

 
7
2

 6 

15 2 
3
2

 -1 
3
2

 1 0 
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16 1 4 4 -3 -1 1 

17 1 1 1 1 1 -4 

18 8 0 -3 1 5
2

 1 

19 1 -1 2 -2 -3 29 

20 9 -3 1 1 0 -7 

21 1 -1 0 1 1 1 

22 1 
1
2

 1 -1 2 -12 

23 9 -6 4 -8 1 0 

24 1 -1 1 -2 -3 3 

25 6 -2 9 -2 -16 -6 

26 1 -1 -2 -2 -3 3 

27 1 -1 1 1 -3 0 

28 1 1 1 1 1 -4 

29 9 -3 1 -3 1 0 

30 1 0 1 -2 -3 0 

31 0 0 2 4 6 -3 

32 1 -2 4 1 -1 -1 

33 5 6 0 -11 -6 -19 

34 3 5 7 2 1 1 

35 1 -1 2 -2 -3 3 

36 3 -3 5 -2 -3 10 

37 9 12 16 20 15 0 

38 1 -1 -2 -2 -3 
13
3

 

39 3 1 -1 4 5 14 

40 0 
1
2

 1 5
2

 
7
2

 10 
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41 3 -2 4 -1 -2 2 

42 1 3 9 2 6 -5 

43 3 -1 3 2 2 -4 

44 5 2 8 -16 -28 80 

45 1 
1
2

 -1 
1
2

 
1
2

 0 

46 9 -2 6 3 -4 2 

47 1 3 1 3 1 -1 

48 5 
3
2

 1 
3
2

 1 -5 

49 2 -2 5 -8 0 3 

50 1 -1 2 -2 -3 3 

51 0 1 3 1 -3 5 

52 21 1
2

 -10 0 0 0 

53 1 -2 4 5 -10 25 

54 1 2 4 -3 -3 0 

55 4 -2 1 2 -1 1 

56 1 1 1 -4 0 4 

57 1 -1 -3 -2 -3 3 

58 32 30 7 -8 -1 1 

59 2 -3 5 -1 1 -10 

60 0 5 -2 3 2 21 

61 1 5
2

 -14 0 0 0 

62 1 1
2

 1 -1 -2 -12 

63 1 -2 3 1 -1 0 

64 2 -2 1 -1 3 -3 
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65 0 1
2

 1 5
2

 
7
2

 10 

66 3 1 2 3
2

 -2 0 

67 1 3
2

 1 0 1 1 

68 3 7
2

 5 2 5
2

 1 

69 9 -6 2 -4 0 0 

70 1 0 0 1
2

 
1
2

 0 

71 5 12 -1 2 0 1 

72 2 2 -3 -1 1 -2 

73 3 1 3 3 -1 -5 

74 1 0 0 1
2

 -1 -3 

75 3 -1 3 2 2 -4 

76 1 0 1
2

 
1
2

 
1
2

 0 

77 3 7
2

 5 2 5
2

 1 

78 2 5
2

 -3 3
2

 
25
4

 -2 

79 1 -1 -3 -2 -3 3 

80 1 1 1 5
2

 
7
2

 6 

81 2 5
2

 -3 3
2

 8 0 

82 1 3 9 0 9 0 

83 2 1
2

 -1 15
2

 
3
2

 18 

84 1 5
4

 1 5
2

 
7
2

 6 
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85 0 1
2

 -1 -1 3
2

 -1 

86 3 7
2

 2 -2 3 -5 

87 1 2 - -2 1
2

 4 

88 2 5
2

 -3 3
2

 8 -5 

89 1 1
2

 1 1 3
2

 -3 

90 6 1
2

 0 -1 2 0 

91 2 -2 5 -4 0 6 

92 1 5
3

 1 5
2

 
7
2

 6 

93 2 2 5 -4 0 6 

94 1 -1 2 -2 -3 3 

95 6 1
2

 -1 5
2

 
1
2

 2 

96 2 2 3 3
2

 
3
2

 0 

97 1 1
2

 1 1 3
2

 -3 

98 3 1 2 3
2

 -2 0 

99 1 -1 1 -2 -3 3 

100 3 7
2

 2 3 -2 -5 

51 0 1 3 1 -3 5 

52 21 1
2

 -10 0 0 0 

53 1 -2 4 5 -10 25 

54 1 2 4 -3 -3 0 

55 4 -2 1 2 -1 1 
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56 1 1 1 -4 0 4 

57 1 -1 -3 -2 -3 3 

58 32 30 7 -8 -1 1 

59 2 -3 5 -1 1 -10 

60 0 5 -2 3 2 21 

61 1 5
2

 -14 0 0 0 

62 1 1
2

 1 -1 -2 -12 

63 1 -2 3 1 -1 0 

64 2 -2 1 -1 3 -3 

65 0 1
2

 1 5
2

 
7
2

 10 

66 3 1 2 3
2

 -2 0 

67 1 3
2

 1 0 1 1 

68 3 7
2

 5 2 5
2

 1 

69 9 -6 2 -4 0 0 

70 1 0 0 1
2

 
1
2

 0 

71 5 12 -1 2 0 1 

72 2 2 -3 -1 1 -2 

73 3 1 3 3 -1 -5 

74 1 0 0 1
2

 -1 -3 

75 3 -1 3 2 2 -4 

76 1 0 1
2

 
1
2

 
1
2

 0 

77 3 7
2

 5 2 5
2

 1 
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78 2 5
2

 -3 3
2

 
25
4

 -2 

79 1 -1 -3 -2 -3 3 

80 1 1 1 5
2

 
7
2

 6 

81 2 5
2

 -3 3
2

 8 0 

82 1 3 9 0 9 0 

83 2 1
2

 -1 15
2

 
3
2

 18 

84 1 5
4

 1 5
2

 
7
2

 6 

85 0 1
2

 -1 -1 3
2

 -1 

86 3 7
2

 2 -2 3 -5 

87 1 2 - -2 1
2

 4 

88 2 5
2

 -3 3
2

 8 -5 

89 1 1
2

 1 1 3
2

 -3 

90 6 1
2

 0 -1 2 0 

91 2 -2 5 -4 0 6 

92 1 5
3

 1 5
2

 
7
2

 6 

93 2 2 5 -4 0 6 

94 1 -1 2 -2 -3 3 

95 6 1
2

 -1 5
2

 
1
2

 2 

96 2 2 3 3
2

 
3
2

 0 

97 1 1
2

 1 1 3
2

 -3 



C   “  ”  
 

59 
 

98 3 1 2 3
2

 -2 0 

99 1 -1 1 -2 -3 3 

100 3 7
2

 2 3 -2 -5 
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3.    
 

 
      “ ”. 

 
 1. (6 )  

 
    ,  = ,   – 

    .  

.  

0...
...0
...0

2

1

21

12

12

n

n

nn

a
a

aa
a

a

 

 

   ,  B  .  

    ,  

 

=
1

5 1 4
2 0

 ;        = 2 3
4

. 

 

 2. (2 )  

 

        12 24 35 43 51     

     (5 × 5). 

 

      “   “.  
 

     . 
1.92. 

3,1,1,1,1,1,6,4,1 cba  
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1.93. 
3,4,1,5,1,3,1,3,2 cba  

1.94. 
3,1,8,2,3,3,3,4,5 cba  

1.95. 
1,0,0,1,1,0,1,1,1 cba  

 
 
 
 
 

   x    321 ,, eee ,      

321 ,, eee . 

2.1. 

3213

212

3211

3,1,62

2
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xeee

eeee

 

2.2. 

3213

212

3211

4,2,1
2
3

3

eeee

xeee

eeee

 

2.3. 

3213

212

3211

6,3,1
3
4

4

eeee

xeee

eeee
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1.4        
 

 .      (   + bi) 

         

: 

                                 idbcadicbia )()()()( ,                             (1) 

                                ibcadbdacdicbia )()())(( .                           (2) 

    ,    (1), 

  (2)   .     

 : 

1)     (  =  +0i)    ñibz  

    ,      , : 

aciabcibia ))(0( , 

aciabiacib )0)(( . 

,  ,         

 : 

iabibia 0)0)(0( . 

       , ,    

         . 

    

2)  .    : 

)()()()( 2121 zzabbzaz , 
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 , b –   . 

3)    : 

3121321 )( zzzzzzz , 

3231321 )( zzzzzzz . 

    : 

2)()())(( bdibciadiacdicbidicadicbia . 

   2 ,       ,  ,   

   p + qi. ,      

:   

                          ibdqbcadbdpacdicbia )()())(( .                     (3) 

 

-     + bi      (1), (3) 

    : 

)  + bi, i2 = –1 (  ); 

)  + bi, i2 = 1 (    ); 

)  + bi, i2 = 0 (    ). 

   2 = p + qi ,  2 – qi = p : 

                                                 42

22 qpqi .                                            (4) 

  : 
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. 4

2qp  – ’  ,  
2

2

4
kqp ,  k –     

 .  

2
2

2
kqi , 

                                                 1
2

2

k
i

k
q

.                                             (5) 

     J,  : 

J2 = –1. 

  kJqi
2 ,  -    + bi      

bkJqbakJqbabia
22 ; 

   + bi     Jba ,  J2 =  –1.   

,         [8, 9]. 

. . 4

2qp  –  ,  
2

2

4
kqp ,  (k >  0).    

 (5) : 

11
2

2

i
kk

q
. 

     , : 

E2 = 1. 
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 , -    + bi      

 Eba ,  E2 = 1.      

EcbdadbcaEdcEba . 

,  4

2qp > 0    . 

. 4

2qp  =  0.    ,      2
qi , 

 

2 = 0. 

-    + bi        

bqba
2 ,    ba ~~ .    : 

cbdacadcba ~~~~~~~~~~ . 

 –   .  

, -       (1), (3)     

: 

)    + bJ, J2 = –1; 

)    + bE, E2 = 1; 

)    + b , 2 = 0. 

         , 

     .  ,       

,   ,        . 
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2  .  
 ,       

. ,      . 

  :  

cjbiaz , 

 a,b,c –    ,   i  j –  .    

    : 

jccibbaajcibacjbia )()()()()( , 

    ,  , : 

1)        : 

jiabjibjia 00)00)(00( ; 

2)    jikk 00     cjbiaz  

  kcjkbika . 

3)    :  

))(())(( 2121 zzabbzaz , 

 a  b –   . 

4)        

3121321 )( zzzzzzz , 

    

3231321 )( zzzzzzz . 
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  ,     ,  

 . , ,  

jcacaibabaaajcibacjbia )()())(( ; 

        

  ( 1221 zzzz   )()( 321321 zzzzzz ),      —   

   ! ,   1  :  

jixji 001)010(  

  ’ . 

   .  ,   -    

 cjbia ,     1),  2),  3),  4)    

   1z , 2z  (  2z  0) ,  1z      2z . 

 ,    cjbia      

! 

 ,       k   

  

                                                    dkcjbia ,                                                (1) 

     .    ,     

   (1), ,   1), 2), 3), 4),     

    — .      

   (« » ). 

     (1)    

kddjccibbaakdjcibadkcjbia )()()()()()(  

  ,    : 
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i2 = 1,    j 2 = 1,    k2 = 1, 

 

. 3 

                                                    jk = i,    kj = i.                                                (2) 

 -     1,     

       „+”,      

      ( . 1),    „ ”,   

.  

       (2),  

   1) – 3).  

dkcjbiaq , 

kdjcibaq . 

      (    3)),  

).)(())(())(()())(())(())(()(
))(())(())(()()()()(

kddkjcdkibdkadkkdcjjccjibcjacj
kdbijcbiibbiabikdajcaibaaaqq

 

    16 .       

 1), 2)    ( , kcbijcbjcbi )())(( ),  
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     .)(
)()()(

kbccbadda
jdbbdaccaicddcabbaddccbbaaqq

   (3) 

 

   kjiq 351   kjiq 312 .   

: 

.121614
4113151195393531353

3193331555533

9333155553135
22

2
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{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  
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2( , ) \ , ,    2  R a b a A b B a b , 1,3,5,7,8,9A , 
2, 4,6,8,10B . 

4.      1 2 3 1f x x x x . 

 7 

1.     A B B A A . 

2.     \ \U R U Q ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , ,  R a b a A b B a b , A={ , 

, , , , }, B={ , , , 
, , , }. 

 8 
1.     ( )A B A B A B . 
2.     U R U Q ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , ,R a b a A b B a b , 
{14,6,16,10,12,4,8}A , {5,7,9,17,13,11,15}B . 

 9 
1.     A B A B A B . 

2.     \Q R Q P ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , , cos cosR a b a A b B a b , 

2 4, , , , ,
24 12 6 3 3 3

A , , , , ,
2 4 8 16 32

B . 

 10 

1.     A B B A B . 

2.     \ \P R Q R ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
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3.    R   A  B ,  
  ,  ( , ) \ , , a bR a b a A b B e e , 

1,3,5,7,9,11,13A , 8,10,6,2, 4,12B . 
4.       1 2 2 3f x x x x . 

 11 

1.     A B A B A . 

2.     P Q R P ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , ,    R a b a A b B a b , 

A={ , , , , , , , }, 
B={ , , , }. 

 12 
1.     A B A B B A . 
2.     P Q R ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , , 0 3 2 18R a b a A b B a b , 
2,4,6,8,10,11,12A , 1,3,5,7,9,11B . 

 13 

1.     A B A B A B . 
2.     \ \P Q R U R ,  { , , , }P a b c d , 

{ , }Q a e , { , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , , ln lnR a b a A b B a b , 
2, 4,6,8,10,3,7A , 1,3,5,9,11,13B . 

 14 

1.     B A B B A A . 

2.     P Q R Q ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
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3.    R   A  B ,  
  ,  ( , ) \ , , sin cosR a b a A b B a b , 

3 5 30, , , , , ,
4 2 4 4 2

A , 0, , , , ,2
2 4 8

B . 

 15 

1.     A A B B A B . 
2.     P Q R P ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , , sin cosR a b a A b B a b , 

0, , , , , ,
8 6 4 5 2

A , 3 5 3, , ,
8 8 4 7

B . 

4.       1 2 2\f x x x . 

 16 

1.     B A B A B . 
2.     \P Q P R ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , ,    R a b a A b B a b , 
A={  ,  ,  , ,   

}, B={ , , , }. 

 17 
1.     A B B A B A . 

2.     \ \R R R P Q ,  { , , , }P a b c d , 
{ , }Q a e , { , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , , / 2 / 2R a b a A b B a b , 

{3,6,7,9,11,20,24}A , {4,6,12,8,10,18,2}B . 

 18 

1.     B A B A B A . 

2.     \ \P R P Q ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
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3.    R   A  B ,  
  ,  ( , ) \ , ,   R a b a A b B a b , 

A={ , , , , , , , , 
}, B={ , , , , }. 

4.      1 2 1 3\f x x x x . 

 19 

1.     A B B A B A . 
2.     \P R Q U ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , ,   R a b a A b B a b , 
A={ , , , , , }, B={ , 

, , , , }. 

 20 

1.     A B A A B A . 

2.     \U Q U R P ,  { , , , }P a b c d , 
{ , }Q a e , { , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  

( , ) \ , , ,     R a b a A b B a b , A={ , , 
, , , , , }, B={ , , , 

, }. 

 21 

1.     A B A A B B . 

2.     R Q P R ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  3( , ) \ , , 2R a b a A b B a b , 

2,6, 4,9,3,1A , 3,5,7,12, 4, 2B . 

 22 

1.     A B A B B . 
2.     \P R Q U ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
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3.    R   A  B ,  
  ,  ( , ) \ , ,  R a b a A b B b a , A={ , 

, , }, B={ , , , }. 
4.      1 2 1 3f x x x x . 

 23 
1.     B A B A B B . 
2.     \R Q P R ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  ( , ) \ , ,    R a b a A b B a b , 
A={ , , , }, B={ , , , , 

}. 
4.      2 2 3 1f x x x x . 

 24 

1.     B A A A B B . 

2.     \ \P Q Q R ,  { , , , }P a b c d , { , }Q a e , 
{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , ,    R a b a A b B a b , A={ , 

, , , , }, B={ , , , , }. 

 25 

1.     A B A B A . 
2.     \P Q R P ,  { , , , }P a b c d , { , }Q a e , 

{ , , , , }R a b d e f , { , , , , , }U a b c d e f . 
3.    R   A  B ,  

  ,  3 3( , ) \ , ,R a b a A b B a b , 
2,3,6,7,9,1, 20A , 4, 6,12,8,10,18, 2B . 

 26 

1.     A B A B A B . 
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2.     \ \ \R P R Q P ,  { , , , }P a b c d , 
{ , }Q a e , { , , , , }R a b d e f , { , , , , , }U a b c d e f . 

3.    R   A  B ,  
  ,  ( , ) \ , ,   R a b a A b B a b , A={ , 

, , , }, B={ , , , 
 , }. 
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  1a        1
a

        a . 

 

8.4.2 .     
 

 -    a, b    : 
, , .a b a b b a  

 "="  :   a b     b c ,    a c . 

 -      a,  b,  c     : 

010 .      a b   b c ,    a c . 

01 1 .      a b ,    a c b c . 

01 2 .    a b     0b ,    0a b . 

 



C   “  ”  
 

156 
 

.    a b     b a.  

 

8.4.3      
 

01 3 .    X   Y    ,     . 
,  x X , y Y ,   x y ,    
    C ,       x C y . 

.        
 . ,   X       

, ,  2x ,  Y       2y .  
x X , y Y    x y .     

 C ,  ,    x X , y Y      x C y . 

      2 ,  ,  , . 

 

8.4.4     
 

    . 

1.   x b a    '    a x b . 
.       x    :  

a b a b . 

  01 a a b b. 

  02 a a b b.  

  07 0 b b.  

  06 b b.  

.   b a     a   b   

  b a . ,    b a   0b a . , 



C   “  ”  
 

157 
 

 b a ,    011 .  ,   07 .   

0b a ,  0b a . 

 

2.   1x b a    '    a x b ,    0a . 
.       x : 

1a b a b . 

  0 13 a a b b . 

  0 14 a a b b . 

  09 1 b b . 

  08 b b . 

.    1b a      a   b   

  b
a

     b : a . 

3.   a b ,  a b . 
,   a b ,  0b a . ,  011  0b a b b , 

   a b . 

,   0a ,   0a ,    0a ,   0a . 

,   06   0 0 0 ,    07   0 0 0 . ,  

 0=  0. 

4.   a b     c d ,   a c b d . 
,   a b     c d ,     011   a c b c ,   c b d b .  

  010   a c b d . 

5.   a b     c d ,    a c b d . 

,   c d ,     016   c d      4   :   
a c b d . 

b a a a



C   “  ”  
 

158 
 

6. 0a a . 

   ,   0a a a a . 

7. 0 0a . 

,  0 0a a b b a b a b . 

8. a a . 

   :  0a a a a a a . 

9. a b a b . 
: 

0

0

a b a b a b a b a a b a b b a b

a b a b.
 

,  1 a a . 

10.    0a     0b ,   0a b . 
,   0a ,  0a ,   0a b  (    012 ). 

, 0a b a b ,      0a b . 

11.    0a     0b ,    0a b . 
,   0b ,  0b ,   0b a  (   010 ). 

, 0b a a b ,       0a b . 

12.   0a ,    2 0a a a . 
    012      11. 

   012   :  21 1 1 1 0 ,    1 0 . 

       ,  
    . 

.      ,    
. 

        1R . 

 



C   “  ”  
 

159 
 

 

 

 

 

 

 

 

8.5     
 

 

  X   Y  .    f     X      
Y   ,    x X     

      y Y . 

  " "   " ", " ", 
" ". 

 , , :
f

y f x X Y f X Y  ,  f  
   X     Y. 

      ,  
,y g x y F x . 

 y,    f      x , 
   x    f   

  f    x      f x .   X  

     f   D f . 

 | :R x y x D f f x y     
   f. 

 : , ,f X Y A X B Y .   A  

  f     |f A f x x A .  



C   “  ”  
 

160 
 

 B    f     
1 |f B x X f x B . 

   :f X Y     

, | ,G f x y X Y x X y f x . 

  :f X Y   :g Y Z ,   :h X Z ,    

 ,h g f x x X    ,  
    f    g. 

.       2 2sin , , sin .y x x g y y h x g y x x  

.   :f X Y     
       Y    ' ,   f X Y . 

.   :f X Y      
   X     Y   ' ,  

 

1 2 1 2 1 2, : .x X x X x x f x f x  

 

.   :f X Y ,     '   ' ,  
 .    ,  f    
     X    Y . 

  :f X Y  ,    ! : .y Y x X f x y   
1 :f Y X       f ,  f x y   1f y x . 

  :f N X       X . 
  : 1 2, ,..., ,...,nx x x   nx f n   n -   
. 

 

 

4.3.1.6.   



C   “  ”  
 

161 
 

 

 

,      ,  
.    A       A . 

       .  
,     ?  .   

,      .    
    . 

 A   B    (   
),     :f A B . 

   :   A ~ B. 

 

 

8.5.1   
 

       , 
   :  A x ,     

 x ,  ,   1A    n N  

,   A n  ,   1A n . 

   1A       

(  ),   1A n     A n  
  .   x     

,   A n     1A n    
. 

  A  –      n N 

 

1 2, ,..., | ,1n
n in N A a a a a A i n  

 



C   “  ”  
 

162 
 

    n-  .     4  
 ( )    nA      

n N . 

 

  



C   “  ”  
 

163 
 

8.6   
 

 

8.6.1    
 

.      
1:f N R . 

,     n     
  nx ,     

 

                                                              1 2, ,..., ,...nx x x                                      (1) 

 

  . 

   1 2, ,..., ,...nx x x     (  ) 
.   nx     ,   

n   .   (1)  : nx . 

, 1
n

    1 1 11, , ,..., ,..
2 3 n

. 

         ,   ,    
   n         nx .  

      ( n )  

: nx f n . ,  1
n

nx
n

   

   

 

 

      ,  
,    ,       

1 2 3 10
2 3 4

n, , , ..., , ...
n



C   “  ”  
 

164 
 

  . ,       1a   
   d      

 

1n na a d   1 1na a n d . 

 

   

 

1 2 1 21, 1, , 3,4,5,...n n ny y y y y n  

 

  

 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55,…, 

 

     "  ",    –   .  
    .     

   ,     
 . 

 
 

8.6.2       
 

    nx   ny . 
    nx    m     

nmx ,    

 

1 2, ,..., ,...nmx mx mx . 

 



C   “  ”  
 

165 
 

    nx   ny     n nx y : 

 

1 1 2 2, ,..., ,...n nx y x y x y ; 

 

  –   n nx y : 

 

1 1 2 2, ,..., ,...n nx y x y x y ; 

 

  –   n nx y : 

 

1 1 2 2, ,..., ,...n nx y x y x y ; 

 

    n

n

x
y

: 

 

1 2

1 2

, ,..., ,...n

n

x x x
y y y

;  0ny n N . 

 

 

8.6.3       
 

 

  nx    ,    
 M ,      nx     .nx M  



C   “  ”  
 

166 
 

  nx    ,     
m ,      nx     .nx m  

  nx   ,       
. 

   nx  ,     M   m ,  
 -    nx     .nm x M   

max ,A m M .       : 

nx A . 

 .   nx    ,   
-   0A      nx    ,   

  nx A . 

 .        
 . 

 .  
  1,2,4,...,2 ,...n     (1 2nx n ),   

 . 
  1, 2, 3,..., n     ( 1nx n ),   

 . 

  1 2 3, , ..., ,..
2 3 4 1

n
n

      ( 1 1
2 nx ). 

  1,2, 3,4,..., 1 ,...n n    . 
 

 

8.6.4      . 
 

 

 nx     ,   -
  0A     N ,       nx    

n N    nx A . 



C   “  ”  
 

167 
 

.       N     A , 
  ( )N N A .  

,       , 
       . , 

   0, 1, 0, 2, 0, 3, ..., n, 0, n+1,  …     
,      N ,      nx ,    n N  

 , ,   1( 1)nx A . 
 1.  ,    2n     . 

    0A .   2nx n A   

1
2
An .    A = 200    n ³101.  

.   n    ,  
 -  (   )   0      N ,   
   nx     n N      n . 

.       N     , 
  ( )N N .  

 2.  ,    2n     . 

    0A .   2
nx n A   n A .  

                                                              
 1 ( )N A a a . 

 
2

1NX A .  1A A ,    
2

1A A . ,   

n N    nx A . 

 3.  ,   2
1
n

   . 

    0 .     2

1
n n

   

2 1 ,n         1n .  

1 1N .     n N   1 11n ,      1
n

   

   2

1
nn

. 

 



C   “  ”  
 

168 
 

.    nx          

  ,    1
nx    , , ,   

n       0n ,   1
n

 
 . 

.   nx     .  

 0    1A .   nx     

,     A     N  ,     n N  

  nx A .   1 1 1

n nx x A
. , 

 1

nx
   . 

    . 

 

8.6.5     
 

 

  .   a    
  nx ,   -    0      N ,  

       nx     n N    

  

nx a .                                                     (2) 

 

  a       nx ,    

 

lim nn
x a , 

 



C   “  ”  
 

169 
 

    . 

,    ,  . 

.  ,   lim 1
1n

n
n

. 

.      0    ,      
  N ,         nx     n N   

   1nx .                                                      

   
1n

nx
n

,   

  

1 11 1
1 1 1n

nx
n n n

. 

 

'    n      
1

n
n

,     1 1n . 

   N      1 1,   

,     1nx <        n N . , 

. 

 

   nx     ,   -    

nx       ,    n -    

  . 

,  lim nn
x a ,       

,   -  0     N ,     n N   
   ,   n . 

1 1N

1
1n

nlim
n

n
n
lim x a

n nx a

n

n nx a

nx a



C   “  ”  
 

170 
 

    .       

n nx a ,     n      ,   lim nn
x a . 

 (2)    nx     na x a ,  

  ,  nx      a . ,  
      . 

  a       nx ,   -  

 0     N ,       nx      
n N       a . 

,       .  
,        

 

lim nn
x . 

 

  ,    ,    
 ( '  ),      . 

     n   ,  lim 0nn
. 

         
    . 

 

8.6.6     
  

.       . 

 .  ,        

 a   ,  .    

,                

  . ,    ,  

nx

n n
n n
lim x ( lim x )

nx

b n n
n n
lim x a , lim x b,a b n nx a

n nx b n n

n n n na b n na b . n n



C   “  ”  
 

171 
 

    ,    
  ,      ,   0a b .  ,  a b . 

 .     nx   ,   . 

 .       N - ,    

   nx a ,  0 .    

 

n n nx x a a x a a a  

 

  n N .   1 2max , , ,..., NA a x x x .    nx A  
 -  n N . 

 ,       . , 
   1,1, 1,1,..., 1 ,...n   ,   . 

 

 

  2.6.    nx     ny     , : 

1.  n nx y ,    ( )   

nx   ny ,       ( )   
,  lim lim limn n n nn n n

x y x y . 

 

2.  n nx y ,      nx   ny , 
        ,  

lim lim limn n n nn n n
x y x y . 

a b

n
n
lim x a



C   “  ”  
 

172 
 

3.  n

n

x
y

,      nx   ny ,  

  lim 0nn
y  ,         

,   
lim

lim (lim 0)
lim

nn n
nn n

n nn

xx y
y y

. 

.   nx   ny       

lim ,limn nn n
x a y b .  n nx a    n ny b ,     –  

     n   n . ,   : 

 

1) n n n n n nx y a b a b . 

          

n n ,   ,   lim lim limn n n nn n n
x y x y . 

 

 2) n n n n n n n nx y a b a b b a . 

        
  n n n na b b a ,    lim n nn

x y a b . 

  lim lim limn n n nn n n
x y x y . 

 

 3)  

 

  

n n

n n

n n n na b b a

n nn n n
n n n

a b b ax a x b y a
y b y b y b

1n n n n n n
n n n

a b b a b a b a b a
y b y b y b

1
n n

n

a .
y b



C   “  ”  
 

173 
 

 n n
a
b

   . ,  

 1

ny
 .   0b ,   

2
b

  

   N ,      n N     
2n

b
y b , 

,   
2 2n n n n

b b
y b b y b b y b b y b ,   

2n

b
y ,   

  1 2

ny b
     n N .  ,   1

ny
  

. 

    ,   n n
a
b

  ,    

 

lim n
n

n

x a
y b

, 

 

lim
lim

lim
nn n

n
n nn

xx
y y

,    lim 0nn
y . 

 

.   1)      
   .  2) -     

.   2) ,       
 ,  

 

lim lim lim limn n nn n n n
C x C x C x . 

 

 

n
n
lim y b



C   “  ”  
 

174 
 

8.6.7  . 
 

 

  lim 0nn
x   lim 0nn

y .  ,     

  lim n
n

n

x
y

? ,         

   nx   ny         
. 

  

 

.   

 1.  2

1
nx

n
   1

ny
n

,  
2

1
1lim lim lim 01

n
n n n

n

x n
y n

n

. 

  

 2.  1
nx

n
   2

1
ny

n
,  

2

1

lim lim lim1
n

n n n
n

x n n
y

n

. 

 3.  n
cx
n

   1
ny

n
,  lim lim lim1

n
n n n

n

c
x n c c
y

n

. 

 4.  
1 n

nx
n

  1
ny

n
,  1 nn

n

x
y

   lim n
n

n

x
y

  . 

 

 ,       nx , ny   
          



C   “  ”  
 

175 
 

 .  ,    , ,   

  lim 0nn
x     lim 0nn

y      n

n

x
y

       0
0

. 

    : 

 )   lim nn
x    lim nn

y    n

n

x
y

    

; 

)   lim 0nn
x    lim nn

y     n nx y      

0 ; 

)   lim nn
x   lim nn

y    n nx y    

  . 

      n

n

x
y

        

  ,       

.     ,n nx y ,  

1)         1 ;n nn y y  

2) lim nn
y ; 

3)   1

1

lim ,n n
n

n n

x x a
y y

 

          lim n
n

n

x a
y

. 

 

 

 

 



C   “  ”  
 

176 
 

8.7     
  

 

 -  (      ).  

  f x     ,a b       

   .    ,C a b  ,  0f C . 

 .       0, 0f a f b .  

 ,a b  .  0
2

b af ,   .  

0
2

b af ,       ,a b ,     

f x     ,      1 1 1 1, , 0; 0a b f a f b . 

  1 1,a b   .  1 1 0
2

b af ,   ,  

      1 1,a b ,     

f x     ,      

2 2 2 2, , 0, 0a b f a f b .     , 

    k -        ,k ka b  

      ,    
  

 

1 1, , ... , ...,n na b a b a b  

 

,  0
2n n n

b ab a   n        ,n na b  

 f x     , . 

        C ,    

  ,n na b   lim limn nn n
a b C .    

f x  (    C ),   lim 0; lim 0n nn n
f C f a f C f b . 

n nf a ; f b0 0



C   “  ”  
 

177 
 

   0f C . 

 

   -  (    ).  

  f x      ,a b        

 , ,f a A f b B   A B .   -   ,C A B  

  ,c a b  ,  f c C . 

 .     A B .   
 

x C f x .        ,a b   

 

0a C f a C A , 0b C f b C B . 

 

   -    ,c a b  ,  0c . 

 c C f c . , 0C f c ,  f c C . 

   .     f x    

  ,a b ,      . 

 .    f x      ,a b . 

,     ,a b   .   ,a b  

      ,     f x   . 

  1 1,a b .  1 1,a b         

 ,     f x   .    

2 2,a b .    ,   

  

 

1 1, , ... , ...,n na b a b a b  

 



C   “  ”  
 

178 
 

,  0
2n n n

b ab a   n .       

  C ,       lim limn nn n
a b C .   

   -   >0    1N ,   

1 ;nn N a c    ,    2N ,   

2 nn N b c .  1 2max ,N N N .   n N   

:  ,n nc a c c b c  ,       ,n na b ,  

n N     ,c c .  ,  f x   

   -   c .   ,   

f x     ,a b ,   ,      ,c a b , 

   c      f x ,        

 . 

   .    f x    

 ,a b ,          ,   

   1 2, ,x x a b ,  

  

1 1 ,,
sup , inf

a ba b
f x f x f x f x . 

 

 .    f x     ,a b .  

    f x    ,a b  . 

,      
,

sup
a b

f x M      

,
inf
a b

f x m . ,    1 ,x a b  ,  1f x M . 

,       ,a b   f x    

,  M ,      ,x a b f x M .  

  
1F x

M f x
.     ,a b  , 



C   “  ”  
 

179 
 

  .  ,     ,     ,x a b    

1F x
M f x

. 

    :  
1f x M .  ,  –   

  f x    ,a b .    ,   M  

       ,a b .  ,   

 ,    1 ,x a b  ,  1f x M . 

     . 

 .      f x ,    

,a b ,    ( )    , 

    –   ( ) .  

M m ,   
,,

max , min
a ba b

M f x m f x ,    

  ,a b . 

 

 -  

 

.  -    nx    
 . 

 .    nx  ,    

  ,a b ,      nx     n n na x b .   

 ,a b  .        

     nx .     

1 1,a b .             

   ,       
  nx .    2 2,a b .   , 

    

 

M 1

a ,b1 1



C   “  ”  
 

180 
 

1 1 2 2, , , ... , ...n na b a b a b a b , 

   n -     
2n n n

b ab a       n . , 

       lim limn nn n
b a C . 

   
knx   nx    :  

 
1nx      nx ,    

,   
2nx      nx ,    

2 2,a b   . .        
   

kk n ka x b ,     2.7  lim
knk

x C . 

 

8.7.1     . 
 

 

         
    ,      

.     ,    a    
,  . ,      

  ,        
,      " "   

.       
    .      . 

 .   ,    nx   , 
  ,   -   0    N  , 

  

 

m nx x                                                       (7) 

 

    ,m n ,     ,m N n N . 

a ,b1 1



C   “  ”  
 

181 
 

 . .    nx    lim nn
x a . 

   0 .       N ,  

2nx a                                                         (8) 

 

   . ,    ,     m   (8) 
. ,  ,m N n N .  

 

.
2 2

m n m n m n

m n

x x x a a x x a a x

x a x a
 

 

 . 

.    -   0    N , ,  

m nx x     ,n m ,     ,m N n N . 

,     nx  .    0  
  N ,     (7)   ,m N n N . 
    .    (7)   

 

 

 

   ,   ,     
  .  ,   nx  . , 

   - ,      
 

knx .    lim
knk

x C .  C     

 nx . ,     ,  

n N m N

n N

n 1 n n 2 n n e nx x , x x ,..., x x ,...,

nx 1

nx

k



C   “  ”  
 

182 
 

    ,
kn kx C n N . ,  km n , 

  mx C   m nx x .    

 

2n n m m n m mx C x x x C x x x C  

 

  n N .   ,  lim nk
x C . 

  nx      
,   -   0    N  ,    ,m n , 
    ,m N n N ,     

m nx x . 

    

.    f x      0x ,    

. 

 

 

 

8.8    . 
 

   f x      X .  

  0x X .        0x  

   0    0  ,   

0f x f x      x ,    

0x x . 

,        ,    0x  ( . . 

10). 

 



C   “  ”  
 

183 
 

 

 

 ,    ,    
, ,   -    0     0 , 
  0x , ,         0x   

   f x  (    )  ,  

 0f x f x       0x x . 

'        
 . 

.  f x      

 X ,   -    0    0  ,   

  0,x x X ,    0x x ,   

 0f x f x . 

 

 

 

 

x0  

f x0  

x 

y 

x0  0  

f x0  

f x0  

. 10 



C   “  ”  
 

184 
 

8.9     
 

        
 .         

        . 

  nu...,,u,uR 21      

nu...,,u,u 21 .  ,     
4

3

53
22

2
1

x
xx

x
)x(f   

  43 532 x,x,x,x ,  

 

43 532 x,x,x,xR)x(f . 

 

   dx
dcx
bax...,,

dcx
bax,xR pn

pm

n
m

1
1

, 

 

 p...,,,i,n,m ii 211    , d,c,b,a    , 

  
d
b

c
a  (      

dcx
bax    )    

     

 

kt
dcx
bax , 

 

 k      p...,,,i,
n
m

i

i 21  . 

 

 



C   “  ”  
 

185 
 

 1.  
x

dx
x
x

11
1 . 

 

’ .    
x
xt

1
1 .   

 

222

2

2
2

1

4
1
1

1
21

1
1

t

dttdx,
t
tx,

t
x,

x
xt . 

 

  

 

1
22

1
112

1
2

11
1

22

2

2

2

t
dtdtdt

t
t

t
dtt

x
dx

x
x  

 

 

C
x
xarctg

x
xCtarctgt

1
12

1
1222 . 

 

 2.    3 xx
dx .  

’ . 

 

1
66

6

3

23

5

5

66

26363 t
dtt

tt
dtt

dttdx
tx,xt

xx

dx
xx

dx  

 



C   “  ”  
 

186 
 

Ctlnttt
t
dtdttt 1

23
6

1
16

23
2  

 

Cxlnxxx 16632 663 . 

 

   dxcbxax,xR 2      

     .  

   0a ,      t : 

txacbxax2 , 

 

     -  .  

      002 c,acbxax ,    
  

 

cxtcbxax2 . 

 

      0a              ,  
  

 

txcbxax2  

 

 

 



C   “  ”  
 

187 
 

txcbxax2 . 

 

 ,         
 ,          
  . 

 

 

 

.…. 

 

5.        
 

5.1.          
 

 

1.     x y . 

2.      { :| 2 | 3}A x x ? 
3.    ,     .  
4. ’   21 ( 1) 4x . 
5. ,     ,     0,2 . 
6.   1 3 2 1x x x .  
7.             

 12n - , n ,     R . 

8. ’ ,   
1
( 1) :

n
k

k
H n   .  

sup H   inf H   ’ ,  max supH H   inf minH H . 

9. ’ ,      
0

sin :
3

n

k
k

kA n . 

10.  min A , inf A , max A    sup A ,  
1

1 :
n

A n
n

. 



C   “  ”  
 

188 
 

11.  min A , inf A , max A    sup A ,  : 2 1A x x . 
12.     E ,    

. 
13.  ,     2( ) 2 3f x x x   

 .  
14. ,   1 (0; )H   2 ( ; )H  . 
15.      .   . 

16.    ,     71;
3

. 
17.    . 
18.     . 
19.     ,     

. 
20.       ( )nx    ( )ny ,   

 ( )n nx y   . 
21. lim 1n

n
n .   . 

22.   1lim 1
n

n n
  .   . 

23.    lim n

n
n    . 

24.    2lim n

n
n  

25.    lim
1 3

n

n

n
n

. 

26. ,  lim nn
x a , lim nn

y b   0 0( )( ) : n nn n n x y .   

, : 1) a b ; 2) a b ; 3) a b? 
27.  -  -   a      

 ( )nx .   ,  lim nn
x a ? 

28. ,  lim nn
x a .  2 1lim( )n nn

x x . 

29.    ( )nx ,  
( 0)( )( ) : nn n n x . 

30.   -   2      ( )nx . 
   ( )nx : ) ; ) ? 

31.     ( )nx ,   
1( ) : n nn x x . 

32.     ,    
 . 



C   “  ”  
 

189 
 

33.     ( )nx ,      nx
.   . 

34. ,   nx       a .   
    ( )nx ? 

35.        . 
36.         

. 

37. 
2

lim 0
!n

n
n

.   . 

38. 
2

lim 0
2nn

n .   . 

39.     ( )nx ,   -   a , 
 1 1 /nx n , 1   1a . 

40.  
4

2

2lim
1 3n

n
n

. 

41.  
1

1lim
(4 1)(4 3)

n

n k k k
. 

42.  

1

1

1

1

2
lim

3

n
k

k
nn k

k

. 

43.  1
2lim

2 4

n

k
n

k

n
. 

44.  2 1lim
4

nn

nn
. 

45.  
52

2

1lim
1

n

n

n
n

. 

46.  
2 2

2
cos ( 1) ( 1)lim

1 3 1n

n n n n
n n

. 

47.  
3 3

2
2 3 (2 1) (2 1)lim
3 2 6 6

n n

n nn

n n
n n

. 

48.  2
sin !lim 1

1n

n n n n
n

. 



C   “  ”  
 

190 
 

49. ’ ,   ( 1) 2 3arctg
2 1

n n

n n   . 

50. ’ ,   
1

cos
5

n

k
k

k
k

  . 

51. ,    ( )nx    
( 0)( )( )( ) : n mn n n m n x x .     

   ( )nx ? 

52.  
1

cos
2

n

k
k

k     .   . 

53.      sin 1
4n
nx . 

 

5.2.1         
 

54.   ( )     
( ) arctgf x x . 

55.   2y x . 

56.    ( ) lim 1
n

n

xf x
n

. 

57.  ( ) arcsinf x x ,  ([2;3])f , ([0;2]) [0; / 2]f , 1([3;4])f  
 1([ / 6; ]) [1 / 2;1]f .   . 

58. -         
1,  ,

( )
0, .

x Q
f x

x Q
 

59. (0)f , 
2 12 sin , 0,

( )
0, 0.

x x
f x x

x
 

60. , ( ) ( )f x f x ,  ( ) ( )f x f x    f   
  . 

61.    ( )u v    . 
62.    ( )x    . 
63.    ( )xe    . 
64.    (arctg )x    . 
65.    (arcsin )x    . 



C   “  ”  
 

191 
 

66.  ’       
. 

67.  2
0( )d f x ,   ( ) xf x xe ,   0 1x ,   0,1dx . 

68.     . 
69.           

 0a   ( ) xf x e    . 

70.   1( )
2

f x
x

   

( )
2( ) ( )( ) ( ) ( )( ) ( ) ... ( ) ( )

2! !

m
m

m
f a f af x f a f a x a x a x a r x

m
, 

 2a ,  3m . 
71. ,     [ 1;1]x      

 
2

1
2

x xe x   0,1. 

72.   
0

2lim
sin

x x

x

e e x
x x

. 

73. 2 3x x o x , x .     ?  

74. 31x o x
x

, 0x .     ?  

75. 31x O x
x

, x .     ?  

76. 1x xe e , x .     ? 

77. 
2 (1)
1

x

x
e O
e

, x .     ? 

78. 2
sin (1)

1 sin
x O

x
, x .     ? 

79. 3 xx o e , x .     ?  
80. ’ ,  (2 ) ( )f x f x ,  x   ( ) lnf x x . 

81. ’ ,  ( ) ( (2 ))f x o f x ,  x   ( ) xf x e . 
82.    0c   1c ,   sin

0 1 ( )x xe c c x o x ,   0x . 
83. ,  1 1( 0)( 0)( ) : ( ) ( )c x f x c x ,    ( ) xf x e ,   

2( )x x . 
 

5.2.2         
 

84.     :f . 



C   “  ”  
 

192 
 

85.        
:f . 

86.     :      f –     
  ( ; )a b ,  ( ) 0f x    ( ; )x a b ? 

87.  ,     3( ) 4f x x x    
. 

88.     3( ) 2 3f x x x . 
89.   3( ) 6f x x x . 
90.  1xe x , 0x .   

91.  2sin x x ,   0 / 2x . 

92.  (1 ) 1t t ,  [0;1] , 0t . 

93.    1arctg
2 1

x
x

,   0x . 

94.          2( ) xf x e x . 

95.    
4

( )
4( 2)

xf x
x

. 

96.       
23( )
2

xf x
x

,    .   

  [ 1;1] . 
97.     f ,  ( ) 0f x ,    ( ) 0f x ,   

( ) 0f x ,   x . 
98.       4 3( ) 3 4 1y x x x   

  [ 2;1]. 
99.    2 3( ) 3 4y x x x . 
100.       

3 22 3 1( )
3 2 3

y x x x   [ 1;1] . 

101.         
 4 2( ) 2 3y x x x   [1;3] . 

102.      3 2( ) 2 15 36y x x x x   
 [0;2]  . 

103.     2 3( ) ( 4)y x x  ? 
104.     3 3( ) ( )y x x x  ? 
105.     4 3( ) 3 4 5y x x x  ? 
106.      382 xxy ,    

     6 . 



C   “  ”  
 

193 
 

107.     ,742 xxy     
     6. 

108.     142 2 xxy    8 19y x . 
   . 

109.     452 xxy    3 5y x . 
   . 

110.      3 2 1xy ? 
111.      3 2 .109xxy  
112.    2

2)( xxf     [0;2] . 
113.     2| 3 |y x x  [0;3] . 

114.    2

(3 5)( 25 )( )
( 5)

x xf x
x

. 

115.    2

(3 11)( 7 )( )
( 1)

x xf x
x

. 

116.     a ,    
123 xaxxy      . 

117.     a ,    axey ax  
    . 

118.    a  i b,    2 4y x x a    
2 2y x x b     ,   . 

119.      OX      
 ,15,0 2xy       ( 1; 3)M   

   . 
 

5.2.3         
 

 
120.      . 
121. 21x x dx . 

122. 21
x dx
x

. 

123. 2 3 3
dx

x x
. 

124. 
( 1)( 2)

dx
x x

. 

125. 2 4 3
dx

x x
. 



C   “  ”  
 

194 
 

126. 
2

2 1
x dx

x
. 

127. sinx xdx . 

128. lnx xdx . 

129. 
1

dx
x

. 

130. xxe dx . 

131. 2cos xdx . 

132. 3sin xdx . 

133. 2ctg 2xdx . 

134. ( ) ( ) ( )xf x dx xf x F x C ,   f     
 F    ,  . 

135.       , 

,  
2 2

1 arcsin xdx C
aa x

, ( ; )x a a , 0a . 

136.     (  ). 
137.    :[ ; ]f a b   i   i   

 [ ; ]a b ,      [ ; ]a b .   . 
138.  a b ,  :[ ; ]f a b       

 [ ; ]a b   ( ) 0f x    [ ; ]x a b ,  ( ) 0
b

a

f x dx .   

. 
 
 

     

 : 

0.5 0.5

0
lim  0.5  
x

x y  

0.5 0.5

0
lim 0.5  
y

x y  

1.5 0.5lim 0.25 0
x

x y  

0.5 1.5lim 0.25 0
y

x y  



C   “  ”  
 

195 
 

 

      

   : 

 

0.5 0.5 0.5 0U x y
x

 

0.5 0.50.5   0U x y
y

 

 

   : 

2
1.5 0.5

2  0.25  0U x y
x

 

2
0.5 1.5

2  0.25  0U x y
y

 

 

  ,  .   . 

 1. 

 

1.        ?   
     . 

2.       - . 
 

3.   . 

( )     

           
Q

Qdxdyyx ].1;0[]4;0[,6 2  

 



C   “  ”  
 

196 
 

( )         

       yxyxf ln),( . 

 2. 

1       .     
       . 

2   - .          
.       -

      . 
 

3   . 
( )      

           
Q

xy Qdxdyxe ].2;1[]1;0[,2  

   ( )    1-   

 

    
L

dLy ,)1sin(  L –  AB,  A(0; 0), B(3; 1). 

 3. 

1    ,     
       . 

2        .   
       „ - ”. 

 

3   . 
 ( )     

    
Q

dxdydzzyx ,)( 222     

      .0,0,0,;0;0;0 cbacbaQ  

 

( )      22),( yxyxf      



C   “  ”  
 

197 
 

  (1; –1)    
2

1;
2

1l . 

 

  4 

 

4            
        

. 
5     .  ,   , 

          
         

. 
6   . 

( )      

           
Q

Qdxdyy
x

].1;0[]2;1[,81 3  

 ( i)         

           )sin(),( 32 xyyxyxf .  

 

 

 

 

 

4.3       1 
 

4.3.1  `      1 
 

 ’    

 4.1.31     ’    
,   ,     



C   “  ”  
 

198 
 

5 2 2;
2 10 9;
8 2 3 3.

x y z
x y z
x y z

 

 ’ .        
 - .     : 

1 5 2 2
2 10 1 9
8 2 3 3

A . 

    A ,  :  
    ( 2)    ;   

   ( 8)     .  

1 5 2 2 1 5 2 2
2 10 1 9 0 0 5 5
8 2 3 3 0 38 19 19

. 

 3r A r A     3n ,       
 ’ . 

   ,    : 

5 2 2; 5 2 2; 5 2 2;
38 19 19; 38 19 19; 38 38;

5 5, 1, 1,

x y z x y z x y z
y z y z y

z z z
 

1;
1;
1.

x
y
z

 

, ’   : 1, 1, 1.x y z  

’     . 

       x , y , z : 

1 5 2 2 5 2
2 10 1 190, 9 10 1 190,
8 2 3 3 2 3

1 2 2 1 5 2
2 9 1 190, 2 10 9 190.
8 3 3 8 2 3

x

y z

 

 
 190 0 ,      ’ ,  

   :  
190 190 1901, 1, 1.
190 190 190

x y zx y z  
, ’   : 1, 1, 1.x y z  ,  
 ’     ,  . 
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’     .  
  ,A B   X    : 

1 5 2
2 10 1
8 2 3

A ; 
2
9

3
B ;

x
X y

z
. 

C        ,A X B  
’     1X A B .  

 ,    A .     
  A : 

1 5 2
det 2 10 1 190.

8 2 3
A  

 det 0,A     .   
   A : 

1 1
11

10 1( 1) 30 2 28;
2 3

A  

1 2
12

2 1( 1) 6 8 2;
8 3

A  

1 3
13

2 10( 1) 4 80 76;
8 2

A  

2 1
21

5 2
( 1) 15 4 19;

2 3
A  

2 2
22

1 2
( 1) 3 16 19;

8 3
A  

2 3
23

1 5
( 1) 2 40 38;

8 2
A  

3 1
31

5 2
( 1) 5 20 25;

10 1
A  

3 2
32

1 2
( 1) 1 4 5;

2 1
A  

3 3
33

1 5
( 1) 10 10 0.

2 10
A  

,    : 

1
28 19 251 2 19 5 .

190 76 38 0
A  

  X      1A   B :  
 

1

28 19 25 2 56 171 75
1 12 19 5 9 4 171 15

190 190
76 38 0 3 152 342 0

X A B  

190 1
1 190 1 .

190
190 1

 

 , 1, 1, 1.x y z  
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 4.2.31     1 4; 2; 3 ,À  2 1; 3; 2 ,A

3 3; 1; 5A , 4; 3; 1S  -   1 2 3 .A A A S  : 
)   1SA , 2SA , 3SA    ; 

)    S   1 2À SÀ ; 

)   1 2 3   1 2 3A A A S ; 

) ’   1 2 3A A A S     SO ,    S   
 1 2 3 . 

’ . 

)    1SA , 2SA , 3SA : 

1 4 4; 2 3; 3 1 0; 5; 2 ,SA  

2 1 4; 3 3; 2 1 3; 6;1 ,SA  

3 3 4;1 3; 5 1 1; 2; 4 .SA  

  : 

2 2 2
1 0 ( 5) 2 29,SA  

2 2 2
2 ( 3) ( 6) 1 46,SA  

2 2 2
3 ( 1) ( 2) 4 21.SA  

)  cos : 

1 2

1 2

cos SA SAa b
a b SA SA

. 

   :  1 2 32SA SA . 

   S   1 2À SÀ :  32 16cos .
2929 46

 

)      1 2 3A A A ,     
   

1 2 3 1 2 1 3
1
2A A AS A A A A . 

1 2 3; 1; 1 ,A A  1 3 1; 3; 2A A , 
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1 2 3

1 1| 3 1 1 | 1 7 10
2 2

1 3 2
A A A

i j k
S i j k   

2 2 21 150 5 61 7 ( 10)
2 2 2

. 

,   1 2 3A A A   1 2 3A A A S   
1 2 3

5 6
2A A AS . 

)  ’   1 2 3A A A S : 

1 2 3 1 2 3

0 5 2
1 1 1 31| 3 6 1 | .
6 6 6 6

1 2 4
A A A SV V SA SA SA  

  ’   
1 2 3 1 2 3

1
3A A A S A A AV S H    

1 2 3

1 2 3

3 A A A S

A A A

V
H

S
,    

31 3 31 66 .
305 6

2

H  

 4.3.31 ,   , ,a b c      
 d   , : 

1; 3; 1 , 1; 5; 2 , 1; 4; 1 , 0; 0; 4 .a b c d     ’ . 
  , ,a b c      ,  

  :  

1 3 1
1 5 2 1 0.
1 4 1

ab c  

      ,   
,       . 

 d       , ,a b c .   
 : d a b c .      

, , ,   : 

1 1 1 0;
( 3) ( 5) ( 4) 0;
1 2 1 4.
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’       : 
1 1 1
3 5 4 5 4 6 5 8 3 1;

1 2 1
 

0 1 1
0 5 4 16 20 4
4 2 1

; 

1 0 1
3 0 4 12 16 4

1 4 1
; 

1 1 0
3 5 0 20 12 8

1 2 4
. 

4 4 84; 4; 8.
1 1 1

 

 ,    d     , ,a b c : 
4 4 8d a b c . 

 4.4.31  ,    : 

) 
3 2

32

4 4
lim 7 6x

x x x
x x

; ) 34

21 5lim
64x

x
x

; ) 
0

arcsin8lim
ln(1 4 )x

x
x

; 

) 
22lim

3

x

x

x
x

; ) 
2

3

5 7 1lim
5 4x

x x
x x

. 

’ : 

 )       ,   

   2x : 
3 2

3 22

4 4 0 ( 2)( 1)( 2)limlim
7 6 0 ( 2)( 1)( 3)xx

x x x x x x
x x x x x

2

( 1)( 2) 3 ( 4) 12lim ;
( 1)( 3) 1 ( 5) 5x

x x
x x

 

)        21 5x ,   
   4x : 

3 34 4

21 5 21 521 5 0lim lim
64 0 64 21 5x x

x xx
x x x

 

34

24

24

21 25lim
64 21 5

4lim
4 4 16 21 5

1 1lim ;
4804 16 21 5

x

x

x

x
x x

x
x x x x

x x x

 



C   “  ”  
 

203 
 

)      , 
        

: 
0 0 0

arcsin8 0 8lim lim lim2 2
ln(1 4 ) 0 4x x x

x x
x x

; 

)    : 

2 22 3 1lim 1 lim
3 3

x x

x x

x x
x x

 

22 3 23 lim
31 1lim 1 lim 1

3 3
x

xx x xx
x

x x
e e

x x
; 

      )       x    ,  
 3x : 

2 2 3

3 2 3

5 7 1 5/ 7 / 1/lim lim 0
5 4 1 5/ 4 /x x

x x x x x
x x x x

. 

 4.5.31   : 

) 3 5ln sin 2xy e ;   ) xxy 2ln)(sin ;   ); 3log ( 2);

2 4 .t

x t

y t
  ) ( ) 2costg xy y x .  

’ : 

)     : 

 

2 5 5 5

5

2 5 5 5

3ln sin( 2) cos( 2) ( 5)
sin( 2)

15ln sin( 2) c ( 2) ;

x x x

x

x x x

e e ey
e

e tg e e
 

 )    ,    
 ,     

: ln ln 2 ln(sin ),y x x
x
xxx

x
xxxx

y
y

sin
cos2ln)ln(sin1))'(ln(sin2ln)ln(sin)'2(ln' , 

: 

)2ln)ln(sin1()(sin' 2ln ctgxxx
x

xy x ; 

)  xy : 
3

2 4
(2 ln 2 4)( 2) ln3

log ( 2)

t
t

x

t
y t

t
. 
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)      x ,  y   

 x : 2

1 ( ) 2sin
cos ( )

xy y x
xy

; 2

1 ( ) 2sin
cos ( )

y xy y x
xy

;

2 21 2sin
cos ( ) cos ( )

x yy x
xy xy

; 
2

2
2sin cos ( )

cos ( )
x xy yy

x xy
. 

 

 4.6.31       : 

 ) 
3

2

1 xy
x

; ) 
1

2 xy x e .  

’ : )     ; 0 (0; )D .    

0x    .    : 

0 0 0 0
lim ( ) , lim ( )

x x
f x f x , 

, 0x  —    . 

 0x     . 

  ,  , . 

          : 

2 2 3 3

4 3

3 (1 ) 2 2 ,x x x x xy
x x

 

0y    3 2x  ,   ,  

y      0x ,      ,       
 . 

 > 0y  —    3( 2; 0),x  

             < 0y —    3( ; 2) (0; )x . , 3 2x —  

: 3
min 3

3( 2)
4

y y . 

    ,  : 

2 3 2 3

6 4

3 3 ( 2) 6 ;x x x xy
x x

 0y ,  y     0x ,       

 ,     .  

,      ,  > 0y     
,     . 

 : 
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0x —   ; 

       
3

3

1lim 1,
x

xk
x

  
3

2 2

1 1lim lim 0,
x x

xb x
x x

 

,    y x  —  . 

    Ox   (1;0)     Oy. 

     : 

 

 

 

)     ; 0 (0; )D .     0x  
  .   ,  

  : 

1 1
1 1

1 2 2
2

0 0 0 0 0 0 0 0 0 0

2 3 2

1

0 0

1 1

lim lim lim lim lim1 2 2 2

1lim 0;
2

x x
x x

x
x x x x x

x

x

e ee ex xx e

x x x x

e e
e

 

1
1

2

0 0 0 0
lim lim

2

x
x

x x

ex e e , 

, 0x  —    . 

 0x     . 

  ,  , . 

          : 
1

(2 1)xy e x ,  
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0y    1
2

x ,   ,  

y      0x ,      ,       
 . 

 > 0y  —    1( ; )
2

x , 

             < 0y —    1( ; 0) 0;
2

x . , 1
2

x —  : 
2

min
1
2 4

ey y . 

    ,  : 

12

2
2 2 1 xx xy e

x
 , 0y ,  y       . ,  

    ,  > 0y     ,  
   . 

 : 0x —  ; 
1

lim x
x

k xe ,  ,    . 

      .     
    . 

   : 4 12; ;(1; ); 1;e
ee

. 

     : 

 

 

 

 

  3.2.31.     

2 22 3 5 3 2 1z x xy y x y  
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’ .    ,  ,   
   ,     (      

  ): 4 3 3xz x y ;   3 10 2yz x y . 

’    

14 3 3 0 3 10 31 1 0 31
3 243 10 2 0 4 31 24 0

31

yx y y
x y x x

 

      

0
24 1;31 31M . 

         
   0M  .         

4 3 3 4xx x x xA z z x y , 

4 3 3 3xy x y y
B z z x y ,  

3 10 2 3yx y xx
B z z x y , 

3 10 2 10yy y yy
C z z x y . 

         0M .   

         
  

 2 4 3
40 9 31 0

3 10
A B

AC B
B C

. 

 ,    0
24 1,
31 31

M   z   ,   

0
4 0.xx M

z  

     

2 2

min
24 24 1 1 24 1 2046 42 3 5 3 2 1 2
31 31 31 31 31 31 961 31

z . 
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6.     1  
 

 6.1.     ’    , 
  ,    .  

6.1.1 
2 4 6,

5 6 7,
4 2 10.

x y z
x y z
x y z

       6.1.2 
2 7,

2 2 9,
2 6.

x y z
x y z

x y z
 

6.1.3 
2 2 4,

3 3 14,
2 8.

x y z
x y z
x y z

        6.1.4 
5 3 2,
2 3,

3 2 13.

x y z
x y z

x y z
 

6.1.5 
3 2 7,

2 3 1,
4 3 5 3.

x y z
x y z

x y z
       6.1.6 

5 2 13,
2 3 4,

3 4 6.

x y z
x y z

x y z
 

6.1.7 
3 2 1,

5 4 2 0,
3 2 6.

x y z
x y z
x y z

       6.1.8 
2 2 13,

3 4,
2 3 11.

x y z
x y z

x y z
  

6.1.9 
4 5 4,
2 3 2,

2 3.

x y z
x y z

x y z
       6.1.10 

3 3,
2 4 1,

2 3 12.

x y z
x y z
x y z

  

6.1.11 
3 2 1,
2 5,

2 5.

x y z
x y z

x y z
      6.1.12 

2 3 8,
2 4 3,

2 3 10.

x y z
x y z

x y z
 

6.1.13 
2 2 10,

3 4,
4 2 5 7.

x y z
x y z

x y z
    6.1.14 

3 2 9,
2 3 1,

5 8.

x y z
x y z

x y z
 

6.1.15 
3 2 9,

3 2 2 2,
3 2 11.

x y z
x y z
x y z

  6.1.16 
3 4 2 9,

5 2 2,
4 3 7.

x y z
x y z

x y z
 

6.1.17 
3 2 8,

5 2 2 0,
3.

x y z
x y z
x y z

    6.1.18 
2 3 5,

3 2 3 14,
2 2 7.

x y z
x y z
x y z
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6.1.19 
5 3 5 2,
2 4,

2 3 7.

x y z
x y z

x y z
    6.1.20 

1 2 4 3,
5 3 0,

2 2 3 3.

x y z
x y z

x y z
 

6.1.21 
3 2 1,
2 3 5,

2 4.

x y z
x y z

x y z
   6.1.22 

3 2 10,
4 2 3,

3 3.

x y z
x y z

x y z
  

6.1.23 
2 3 2 3,

2 4,
5 5.

x y z
x y z

x y z
  6.1.24 

4,
3 4,
2 3 8.

x y z
x y z
x z

 

6.1.25
2 1,

2 2 7,
4 3 9.

x y z
x y z

x y z
       6.1.26 

2 4 2 6,
3 5 4,

3 0.

x y z
x y z

x y z
 

6.1.27 
1,

8 3 6 11,
4 3 6.

x y z
x y z

x y z
  6.1.28 

4 3 2 5,
2 5 3 7,
5 6 2 4.

x y z
x y z
x y z

 

6.1.29 
2 6,

1,
2 2 3.

x y z
x y z

x y z
   6.1.30 

7 5 13,
4 11 49,
2 3 4 41.

x y
x y
x y z

 

 

 1.2.    1 1 1 1; ;x y z , 2 2 2 2; ; ,A x y z  

3 3 3 3; ; ,A x y z  4; 3; 1S  -   1 2 3 .A A A S  

: 

)   1SA , 2SA , 3SA    ; 

)    S   1 2À SÀ ; 

)   1 2 3   1 2 3A A A S ; 

) ’   1 2 3A A A S     SO ,    S   

 1 2 3 . 

1.2.1 1 2 33; 1; 4 , 1; 4; 5 , 2; 1; 0A A . 

1.2.2 1 2 32; 3; 5 , 3; 4; 1 , 1; 2; 6A A . 
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1.2.3 1 2 35; 1; 3 , 2; 4; 5 , 7; 3; 4A A . 

1.2.4 1 2 32; 5; 1 , 6; 1; 9 , 1; 3; 2A A . 

1.2.5 1 2 39; 2; 1 , 4; 5; 7 , 2; 1; 4A A . 

1.2.6 1 2 31; 6; 5 , 3; 2; 7 , 4; 1; 1A A . 

1.2.7 1 2 38; 5; 3 , 2; 1; 4 , 5; 2; 1A A . 

1.2.8 1 2 37; 3; 2 , 8; 4; 1 , 6; 2; 8A A . 

1.2.9 1 2 33; 7; 4 , 1; 4; 2 , 5; 1; 3A A . 

1.2.10 1 2 32; 5; 7 , 1; 4; 3 , 3; 1; 8A A . 

1.2.11 1 2 37; 3; 4 , 3; 4; 1 , 2; 1; 0A A . 

1.2.12 1 2 32; 1; 0 , 5; 1; 3 , 1; 2; 6A A . 

1.2.13 1 2 35; 1; 3 , 2; 4; 5 , 7; 3; 4A A . 

1.2.14 1 2 31; 5; 1 , 7; 1; 8 , 5; 1; 3A A . 

1.2.15 1 2 37; 2; 6 , 4; 5; 1 , 3; 7; 5A A . 

1.2.16 1 2 37; 4; 5 , 3; 1; 9 , 4; 2; 1A A . 

1.2.17 1 2 38; 1; 3 , 2; 6; 4 , 7; 2; 1A A . 

1.2.18 1 2 34; 3; 2 , 2; 7; 1 , 6; 2; 8A A . 

1.2.19 1 2 36; 4; 9 , 1; 3; 2 , 7; 1; 5A A . 

1.2.20 1 2 37; 5; 4 , 1; 8; 5 , 2; 1; 7A A . 

1.2.21 1 2 38; 1; 4 , 5; 3; 1 , 7; 2; 6A A . 

1.2.22 1 2 32; 6; 4 , 7; 2; 3 , 0; 4; 6A A . 

1.2.23 1 2 36; 2; 3 , 1; 4; 3 , 7; 3; 4A A . 

1.2.24 1 2 32; 6; 9 , 4; 1; 2 , 7; 0; 3A A . 
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1.2.25 1 2 39; 1; 4 , 3; 7; 9 , 2; 5; 6A A . 

1.2.26 1 2 37; 4; 10 , 9; 2; 7 , 5; 6; 1A A . 

1.2.27 1 2 30; 1; 3 , 4; 7; 9 , 1; 5; 6A A . 

1.2.28 1 2 33; 1; 2 , 7; 3; 4 , 9; 2; 5A A . 

1.2.29 1 2 33; 7; 6 , 1; 6; 9 , 8; 1; 7A A . 

1.2.30 1 2 39; 8; 5 , 3; 8; 7 , 2; 1; 8A A . 

 1.3. ,   , ,a b c      

 d   , : 

1.3.1 1;4; 2 , 3;1;6 , 1;2;0 , 4;3;5 .a b c d  

1.3.2 5;0; 2 , 4;1;3 , 3;4; 2 , 3; 3;1 .a b c d  

1.3.3 1;2;1 , 2; 1;2 , 5;3;4 , 0;2;1 .a b c d  

1.3.4 1;5;3 , 4; 2;2 , 3;5;2 , 3;7;2 .a b c d  

1.3.5 3; 1;2 , 2; 1;5 , 2;3; 1 , 7;7;4 .a b c d  

1.3.6 4;3;2 , 2; 4; 3 , 4;5;5 , 6; 3; 4 .a b c d  

1.3.7 3;1;4 , 2; 1;3 , 1;2; 1 , 4;5;7 .a b c d  

1.3.8 2;2;3 , 3; 3; 2 , 2; 1; 3 , 0;1;5 .a b c d  

1.3.9 1;4;3 , 1; 2; 1 , 4;1;2 , 11;5; 1 .a b c d  

1.3.10 1;3;2 , 3;5;2 , 4; 3;1 , 9;4;3 .a b c d  

1.3.11 1;3;5 , 2;1; 2 , 5;4; 1 , 6;3;20 .a b c d  

1.3.12 1;2;3 , 2; 5; 7 , 3;2;4 , 3;1;3 .a b c d  

1.3.13 3;1;2 , 5;2; 1 , 3;5;3 , 4;9;6 .a b c d  

1.3.14 2;3;5 , 1;2; 2 , 2;3;1 , 1;5;11 .a b c d  
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1.3.15 1;2;1 , 3;5; 1 , 2; 1;3 , 4; 1;10 .a b c d  

1.3.16 3;2;1 , 2; 3; 4 , 3;5;5 , 4;3;4 .a b c d  

1.3.17 2;2;1 , 4;3; 1 , 1; 1;2 , 3;2;6 .a b c d  

1.3.18 1;3;2 , 2; 7; 3 , 3;1; 2 , 4;9;5 .a b c d  

1.3.19 2;3;4 , 2; 1; 2 , 5;2;1 , 3;6;5 .a b c d  

1.3.20 4;3;2 , 5;2;5 , 2;5; 3 , 5; 9;3 .a b c d  

1.3.21 2;5; 4 , 3; 2;1 , 1; 1;4 , 2;0;9 .a b c d  

1.3.22 1; 1;3 , 1; 1;1 , 4;1; 1 , 15;4; 2 .a b c d  

1.3.23 1;2; 1 , 3; 1;1 , 1;2;5 , 8;10; 8 .a b c d  

1.3.24 3; 1;1 , 1;3;2 , 1;1;5 , 2;4;12 .a b c d  

1.3.25 1; 2;1 , 2;1;1 , 5;3; 1 , 15; 14;4 .a b c d  

1.3.26 2;1;3 , 1;1; 1 , 3; 1;2 , 6;4;1 .a b c d  

1.3.27 2;1; 1 , 3;1;2 , 4;1; 1 , 11; 2; 1 .a b c d  

1.3.28 3;2;1 , 2; 1;2 , 1;2; 1 , 1; 1;3 .a b c d  

1.3.29 2;1; 1 , 1;1;3 , 1; 1;2 , 1;11;7 .a b c d  

1.3.30 1; 5;7 , 5;3;1 , 8; 2; 1 , 15;9;11 .a b c d  

 

 1.4.  ,    . 
1.4.1 ) 

2

3 22

3 2lim
2 2x

x x
x x x

; ) 
0

3 3lim
x

x
x

;                             ) 
20 3

 lim
(1 cos  )x

tg x
x

;        

) 
2 11lim

2

x

x

x
x

; ) 
2

2

2 8lim
4 3x

x x
x x

. 

1.4.2 ) 
3

21

3 2 ;lim
x

x x
x x

  )
 6

2 2lim
6x

x
x

;  )
 0

3 1lim
arcsin 3

x

x x
;          
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 )  
1

33 4lim
3 2

x

x

x
x

; ) 
4 3

2

3 2 2lim
5 4 9x

x x x
x x

. 

1.4.3 ) 
3

2
1 2

3 2 ;lim
2x

x x

x x
  )

  

2

2

5 3lim
2x

x
x

; )
 

2

0

2lim
ln(1 2 )x

x x
x

;          ) 
2

2

2

1lim
1

x

x

x
x

; ) 

3

3 2

2 4lim
4 3 4x

x x
x x

. 

1.4.4 ) 
3

21

3 2 ;lim 2 1x

x x
x x

 )
  24

3 7lim
16x

x
x

;                              )
 0

1 1lim
sin x x tg x

; ) 

272

2

5 2lim
3 2

x

x

x
x

; )
3

6 5

1lim
5 2 1x

x
x x x

. 

1.4.5 ) 
3 2

3 22

6 12 8 ;lim 3 4x

x x x
x x

 )
  6

2 2lim
6x

x
x

; ) 30

 sinlim
x

tg x x
x

;         ) 
3 54lim

1

x

x

x
x

; ) 

2

3 2

5 4lim
2 5 3 4x

x x
x x x

. 

1.4.6 ) 
4

4 21

1 ;lim 2 1x

x
x x

  )
  

2

20

1 1lim
16 4x

x
x

; )
 0

sin 4lim
1 cos8x

x x
x

;      ) 
1

32 2lim
2 5

x

x

x
x

; ) 

3

2

6 3 6lim
7 2x

x x
x x

. 

1.4.7 ) 
2

3 21

2 1 ;lim 1x

x x
x x x

  )
  0

1 1lim
x

x x
x

; ) 30

sin 3 5lim
x

x tg x
x

;      ) 
2 1

2 3

2

5lim

x

x

x
x

; ) 

2

6 3

2 1lim
5 2x

x x
x x

. 

1.4.8 ) 
2

3 21

3 2 ;lim 2 2x

x x
x x x

 )
  27

2 3lim
49x

x
x

; )
2

0

sin 3lim
arcsin 3x

x
x x

;   

) 
2 12 1lim

2 3

x

x

x
x

; ) 
4 3

2

5 9 2 1lim
2 6x

x x x
x x

. 

1.4.9 ) 
2

3 21

2 1 ;lim 2 2x

x x
x x x

  )
  

2

27

6 7lim
3 2x

x x
x

; )
 0

2 5lim
1 cos10x

x tg x
x

;       ) 
4

72lim
5

x

x

x
x

; ) 

2

2

9 3 2lim
3 2 1x

x x
x x

. 
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1.4.10 ) 
3

21
2

8 1lim
6 5 1x

x
x x

; )
  27

2 3lim
8 7x

x
x x

; )
 20

6lim
5sin 2x

x tg x
x

;         ) 
2 34lim

4

x

x

x
x

; ) 

3

3 2

3 2lim
5 3 1x

x x
x x x

. 

1.4.11 ) 
3 2

43

2 9 18lim
81x

x x x
x

; )
  4

1 2 3lim
4x

x
x

;                          )
 20

cos5 cos3lim
sinx

x x
x

;     ) 
2 13

3

5lim
2

x

x

x
x

; ) 
2

2

7 2lim
2 10 5x

x x
x x

. 

1.4.12 ) 
3

21

7 6lim
3 4x

x x
x x

; )
  3

2 1lim
2 3 3x

x
x

; )
 0

ln(1 sin )lim
sin 4x

x
x

;     ) 
2 1

4lim
1

x
x

x

x
x

; ) 
4

2

3 4lim
3 4 7x

x x
x x

. 

1.4.13 ) 
3

23

27lim
9x

x
x

; )
  4

3 1lim
5 3x

x
x

; )
 

5

0

1lim
5

x

x

e
tg x

;                    ) 
22

2

2 1lim
2 3

x

x

x
x

; ) 

2

4 3

2 1lim
2 3 7x

x x
x x x

. 

1.4.14 ) 
3 2

21

2 1lim
2 3x

x x
x x

; )
  3

6 2 3lim
3x

x x
x

;                        )
 

2

0

ln( 1)lim
1 cos2x

x
x

;     ) 

2
72lim

5

x

x

x
x

; ) 
4 3

2

2 7 6lim
2 8x

x x x
x x

. 

1.4.15 ) 
3 2

3 22

5 8 4 ;lim 7 16 12x

x x x
x x x

  )
  

2

2

2 3 2lim
4 4 8x

x x
x

; )
0

1 cos 2lim
sinx

x
tgx x

;    ) 
2 1

23lim
5

x

x

x
x

; ) 

2

3 2

2 3 2lim
8 3 1x

x x
x x x

. 

1.4.16 ) 
3

41

2 1;lim 2 1x

x x
x x

 )
 20

2 2lim
x

x
x

; )
 

3

0

cos coslim
sin 2x

x x
x x

;   ) 
1

2 2

2

4 1lim
4 2

x

x

x
x

; ) 

2

4 3

2 3 10lim
25 6 2x

x x
x x x

. 

1.4.17 ) 
4

21

3 4lim
3 4 7x

x x
x x

; )
  

2

1

7 6lim
5 2x

x x
x

; )
 20

1 cos4lim
x

x
x

;      ) 
53 2lim

3 5

x

x

x
x

; ) 
7 2

5

2 1lim
2 3x

x x
x x

. 
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1.4.18 ) 
2

32

2 3 2lim
8x

x x
x

; )
  31

3 2lim
1x

x
x

;                                   )
 0

1 cos 2lim
cos7 cos3x

x
x x

;    ) 
2 2

2lim
3

x
x

x

x
x

; ) 
3

3

6 7 4lim
9x

x x
x

. 

1.4.19 ) 
3 2

3 23

7 15 9 ;lim 8 21 18x

x x x
x x x

 )
  24

5 3lim
3 4x

x
x x

; )
 

3

20

1lim
sin

x

x

e
x

;           ) 
224lim

5

x

x

x
x

; ) 
3

2

3 7 6lim
3 4x

x x
x x

. 

1.4.20 ) 
2

41

2 1lim
2 1x

x x
x x

; )
  2

5 9lim
2x

x x
x

; )
 

2

20

2 1lim
arc

x

x tg x
;          ) 

12 3lim
2 4

x

x

x
x

; ) 

3 2

4

2 9 8lim
8 4x

x x x
x x

. 

1.4.21 ) 
3

3 21

3 2lim
1x

x x
x x x

; )
  

2

20

4 2lim
x

x
x x

; )
 0

1 cos3lim
3x

x
tg x

;         ) 
1

2 2

2

1lim
3

x

x

x
x

; ) 

3

6 4

8 6 1lim
6 5 4x

x x
x x x

. 

1.4.22 ) 
3

2 50

1 31
;lim

x

xx
x x

  )
  2

6 2lim
7 3x

x
x

; )
2

20

1 1lim
sinx

x
x

;   ) 
13

3

2lim
6

x

x

x
x

; ) 

2

3 2

2 1lim
2 5 1x

x x
x x

. 

1.4.23 ) 
3

4 21

2 1 1
;lim 4 5x

x x x
x x

  )
  

2

5

25lim
2 1x

x
x

;  

) 20

1 cos6lim
1xx

x
e

;       ) 
5 13lim

3 5

x

x

x
x

;  ) 
6 5 3

2

6 2 2lim
5 6x

x x x
x x

. 

1.4.24 ) 
22

3 23

2 3
;lim 4 3x

x x

x x x
 )

  3

1 2lim
2 1x

x
x

; )
 0

3 sinlim
arc 3x

tg x x
tg x

;  ) 
26 1
23 3lim

3 3

x

x

x
x

; ) 

2

2

3 8 5lim
3 9 6x

x x
x x

. 

1.4.25 ) 
3

21

3 2lim
2x

x x
x x

; )
 7

11 2lim
7x

x
x

; )
 0

cos2 coslim
1 cosx

x x
x

; ) 
2 33 1lim

3 1

x

x

x
x

; ) 
4 2

2

2 3lim
5x

x x x
x x

. 

1.4.26 ) 
22

3 21

3 2
;lim 2 2x

x x

x x x
 )

  25

1 2lim
25x

x
x

; )
 

2

0

sinlim
5x

x
tg x

;            ) 
1

34 2lim
4 7

x

x

x
x

; ) 

2

3

3 4lim
5 1x

x x
x

. 
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1.4.27 ) 
3

21

1lim
1x

x
x

; )
  

2

1

2 3 5lim
2 3x

x x
x

; )
 

2

0

4lim
1 8 1x

tg x
x

;                ) 
2 1

52 5lim
2

x

x

x
x

; ) 
2

2

2 3lim
8 10 3x

x x
x x

. 

1.4.28 ) 
3

3 22

4lim
3 4x

x x
x x

; )
  

2

0
lim

6 6x

x
x

; )
 20

arcsinlim
3x

x
x x

; 

) 
2

5lim
6

x

x

x
x

; ) 
5

5

9 3 6lim
3 5 3x

x x
x x

. 

1.4.29 ) 
3

50

1 1 3
;lim

x

x x
x x

 )
  2

6 2lim
2 4x

x x
x

;                )
 30

1 3lim
sin

x

x x
;   ) 

232lim
2 5

x

x

x
x

; ) 
2

2

2 3 1lim
4 7 3x

x x
x x

. 

1.4.30 ) 
3 2

3 22

5 8 4 ;lim 3 4x

x x x
x x

 )
  22

2 5 3lim
3 2x

x
x x

; )
4

0

1lim
ln(2 1)

x

x

e
x

;         ) 
32

2

3 1lim
3 2

x

x

x
x

; ) 

2

3 2

4 3 2lim
2 2x

x x
x x x

. 

 

 1.5.    . 

 

1.5.1 ) 2ln 4y x x ; ) 3

2 sin 2 ;
sin ;

x t t
y t

; 

  ) xxctgy )4( ;     ) 
2 ( )x y arctg xy . 

1.5.2 ) 24 4arccos
2
xy x ; ) 

2

;

;

t

t

x e
y e

;                              ) xxy sin)2(cos ;    ) 

2ln( )y x yx . 

1.5.3 ) 21 lnsin
2

y ctg x x ; ) 
;

;

tx e t

y t
; ) xtgxy arcsin)( ; ) 7 7 7x y x y . 

1.5.4 ) ln 3 2xy e x ; ) 
1 ;

cos
2 ;

x
t

y tgt
; ) 12)3(cos xxy ; ) sin cosy xe x e y . 
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1.5.5 ) 2lnarcsin 1 xy e ; ) 
3

;

;

x t

y t
; ) xxy 2sin3 )4( ; ) sin cos( ) 0y x x y . 

1.5.6 ) 31
3

y ctgx tg x ; ) 2

;
;

x tgt
y t t

; ) xxy arccos ;      

  ) ln
y
xx e e . 

1.5.7 ) 3
1 xy arctg e ; ) 

3

1 sin 2 ;
2

cos ;

x t t

y t
; ) 2)2(ln

x

xy ;  

 ) 
2 2 lnx y y . 

1.5.8 ) 2arcsin 1x xy e e ; ) 
2ln(1 );

;
x t
y t arctgt

; ) xxy 2cos)5( ; ) 
2ln( )y x y x . 

1.5.9 ) ln arcsin
2 2
x xy tg ; ) 

2cos ;
lnsin ;

x t
y t

;    ) xctgxy )( ; 

 ) 
3lny y x . 

1.5.10 ) 2 2arcsin 1
2
xy tg x ; ) 

2

3

1 ;

;

x t
y t t

;                       

 ) 21)(arcsin xxy ;   ) 10x y xy . 

1.5.11 ) 
32  

3
xy arctg e ; ) 

2

1 ;
1

( 1) ;

x
t

y t
;   ) xxy arccos2 )1( ; )

 
yy e

x
. 

1.5.12 ) 21 ln
2
xy  ; ) ln 2 ;

sin 4 ;
x t
y t

; ) xctgxy 2)(ln ; ) sin( ) cos( ) ( )xy xy tg xy . 

1.5.13 ) 4 2log log  y tg x  ; ) 
5 1;

10 4;

t

t

x
y

;  ) xxy 3cos2 )2( ; 

 ) 2 lny y x . 

1.5.14 ) 1
2
xy arctg tg  ; ) 

2

;
( 1) ;

x t
y t

; ) xxy ln)(sin ;  

) arcsin arcsinx y x y . 
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1.5.15 ) 21 ln 1  
2

x xy e arctg e  ; ) 2 ;
3 2 ;

x ctg t
y t

; 

) xxy )1( 2 ; ) 
x ye xy . 

1.5.16 ) 2 4

1log
1

y
x

 ; ) ;
;t

x t
y e

; ) 1)32( xxy ;      ) ye x y . 

1.5.17 ) 
4

8

1
xy x

e
; ) 

21 ;
arccos ;

x t
y t

;   ) xarctgxy ln)( ; 

 )
 

3 x yy
x y

. 

1.5.18 ) 2 4ln 2y x x  ; ) 3cos 2 ;
sin 2 ;

x t
y t

;                               ) xxxy )5( 2 ;                    

) ln 1
y
xx e . 

1.5.19 ) 21 ln 1 2
2

y tg x  ; ) sin ;
1 cos2 ;

x t t
y t

;    ) xxy ln ;  

)
 

xxy arctg
y

. 

1.5.20 ) 2
1 1ln 1y
x x

 ; ) sin 5 ;
cos ;

x t
y t t

;         ) xxy ln
1

; ) tgy xy . 

1.5.21 ) ln cosln  
2
xy tg tg x  ; ) 

3ln(1 );
;

x t
y t arctgt

  ) 4
)( xxy ; ) 1 yy xe . 

1.5.22 ) x xy arctg e e  ; ) 
2 1;

ln( 1);
x t
y t

; ) 12xxy ;            ) cos( )xy x . 

1.5.23 ) 2 3cos sin xy e  ; ) 2 ;
ln(sin 2 );

x ctg t
y t

;      ) xtgxy cos)( ; ) 5x yy e . 

1.5.24 ) 4ln arccos 1 xy e  ; ) 
1;

;t

x arctg
t

y e
;                      ) xxy ln)2(arcsin ; ) 

2 siny x y . 

1.5.25 ) 3
3 tg xy  ; ) 

2

2

sin ;

cos ;

x t
y t

; ) 12
)( xarctgxy ;                 ) ln 1y x y . 
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1.5.26 ) 21y arctg x x  ; ) sin3 ;
2 cos ;

x x x
y x x

; ) xxxy )2( 2 ; ) 
2cos( )y x y . 

1.5.27 ) 1 3
2 2

xey arctg  ; ) sin ;
( 1);

tx e t
y ctg t

; ) xxy ln3 )2( ; ) ln sin( )y xy . 

1.5.28 ) 2ln cosy x x  ; ) 3 ;
ln ;

x t
y t

; ) x
xy 2 ;                    ) sinye x x y . 

1.5.29 ) 2 3ln ln lny x  ; ) 
sin ;

1 ;
cos

x t

y
t

; ) tgxxy ;                 ) ytgy e x . 

1.5.30 ) 2 1 2 1x xy arctg  ; ) ;
ln .

tx e t
y t

; ) xxy )3( 2 ; ) ln cos( )y xy x . 

 

 1.6.       . 

1.6.1 )
2

2 1
xy

x
;         ) xexy 3 . 

1.6.2 ) 2

2 1
1

xy
x

;     ) xexy 1)1( . 

1.6.3 )
2

2

4
4

xy
x

;       ) 
x
xy ln . 

1.6.4 )
3

23
xy

x
;        ) )32ln( 2xy . 

1.6.5 )
2

2

1
1

xy
x

;        ) xexy 2 . 

1.6.6 )
24

3
xy

x
;          ) xexy 2)1( . 

1.6.7 )
3

2 4
xy

x
;      ) 3xxy . 

1.6.8 )
2

2

1
4

xy
x

;        ) 2)3( xexy . 

1.6.9 )
24

1
xy
x

;        ) xxy ln2 . 
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1.6.10 ) 2 1
xy

x
;       ) )22ln( 2 xxy . 

1.6.11 )
2 2

1
xy
x

;      ) 4 4sin cosy x x . 

1.6.12 )
21

2
x

y
x

;    ) 22 xxey . 

1.6.13 )
22 1

1
xy
x

;     ) 
x

xy
ln

. 

1.6.14 ) 2
2

1
xy

x
;        ) xexy 2)4( . 

1.6.15 )
2

2

4
3

xy
x

;        ) 
x

ey
x

1
. 

1.6.16 )
2

2 1
xy
x

;     ) ( 3)y x x . 

1.6.17 ) 3
2

8
xy

x
;          ) 

1
1

xe
y . 

1.6.18 )
2 2

1
x xy

x
;       ) )9ln( 2xy . 

1.6.19 ) 21
xy
x

;          ) 
x

ey
x

. 

1.6.20 ) 2
2

1y x
x

;       ) 2

2
1ln xxy . 

1.6.21 ) 2
5

4
xy

x
;          ) xxy ln2 . 

1.6.22 ) 2
1

1
y

x
;           ) xxy ln2 2 . 

1.6.23 )
2

2

1
4

xy
x

;           ) 2

ln
x

xy . 

1.6.24 )
2

3 8
xy

x
;           ) 

2
1ln

x
xy . 

1.6.25 ) 21 4y x
x

;         ) xexy
1

)2( . 
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1.6.26 )
3

1
xy

x
;             ) xxy ln . 

1.6.27 )
3

2 1
xy

x
;           ) arctgxxy

2
. 

1.6.28 )
3

2 1
xy

x
;           ) )1ln(xxy . 

1.6.29 ) 2 4
xy

x
;          ) 24x xy e . 

1.6.30 )
3

2

4xy
x

;           ) 2

2x

exy . 

 

 1.7.   q     s     p   

 ( ),   ( ).q q p s s p : 

)  ; 

)       . 

1.7.1 1400 5 ,   1100 5 .q p s p  

1.7.2 10 2 ,   4 6.q p p s p  

1.7.3 1300 4 ,   1000 2 .q p s p  

1.7.4 20 6 ,   2 25.q p p s p  

1.7.5 2000 20 ,   200 10 .q p s p  

1.7.6 12 3 2 ,   2 4.q p p s p  

1.7.7 1100 10 ,   800 20 .q p s p  

1.7.8 7 2 4 ,   2 1.q p p s p  

1.7.9 1000 5 ,   800 5 .q p s p  

1.7.10 8 ,   2.q p s p  

1.7.11 1500 30 ,   500 20 .q p s p  
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1.7.12 9 3 2 ,    2 7.q p p s p  

1.7.13 2100 40 ,   1100 60 .q p s p  

1.7.14 15 2 ,   6.q p s p  

1.7.15 1400 10 ,   200 20 .q p s p  

1.7.16 30 2 6 ,   15.q p p s p  

1.7.17 1800 5 ,   1700 5 .q p s p  

1.7.18 25 5 4 ,   5 7.q p p s p  

1.7.19 1200 30 ,   800 10 .q p s p  

1.7.20 12 ,   2.q p s p  

1.7.21 1300 2 ,   900 2 .q p s p  

1.7.22 1 2 4 ,   2 7.q p p s p  

1.7.23 700 8 ,   100 2 .q p s p  

1.7.24 9 2 ,   3.q p s p  

1.7.25 900 20 ,   300 10 .q p s p  

1.7.26 18 6 4 ,   4 14.q p p s p  

1.7.26.27 1200 5 ,   700 5 .q p s p  

1.7.28 30 5 ,   6.q p s p  

1.7.29 2300 40 ,   1800 10 .q p s p  

1.7.30 25 6 ,   2 20.q p p s p  

 

 1.8.     yxfz , . 

1.8.1. 
2 23 5 4 7 1z x xy y x y .           

1.8.2. 
2 22 3 5 2 5z x xy y x y . 
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1.8.3. 

2 23 6z x y x xy y .                    

1.8.4. 

2 2 2z x xy y x y . 

1.8.5. 
2 25 7 9 1z x xy y x y .              

1.8.6. 
2 26 8 5 2 3z x xy y x y . 

 

1.8.7.   

2 2 2z x xy y x y .                   

1.8.8. 

 2 26 4 3 1z x xy y x y . 

1.8.9. 
2 23 5 8 2 1z x xy y x y .             

1.8.10. 
2 25 6 9 3z x xy y x y . 

1.8.11. 
2 24 3 5 2z x xy y x y .            

1.8.12. 
2 24 6 7 7 1z x xy y x y . 

1.8.13.  

2 22 7z x xy y x y .                  

1.8.14. 
2 28 3 5 1z x xy y x y . 

1.8.15.  

2 25 1z x y x xy y .                

1.8.16.  

2 2 3 2 5z x xy y x y . 

1.8.17.  

2 23 4 2z x xy y x y .                 

1.8.18.  

2 23 6z x y x xy y . 

1.8.19. 
2 23 2 5z x xy y x y .              

1.8.20. 
2 25 6 3 1z x xy y x y . 

1.8.21. 
2 24 3 5 2z x xy y x y .                

1.8.22.  

2 25 2 1z x xy y x y . 

1.8.23. 

2 24 3 2 3z x xy y x y .                 

1.8.24. 

2 27 2 3 5z x xy y x y .   

1.8.25.  1.8.26.  
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2 2 4 1z x xy y x y .                2 25 1z x xy y x y .                  

1.8.27.  

2 27 5 1z x xy y x y .                  

1.8.28. 
2 26 3 1z x xy y x y

.  

1.8.29. 
2 2 3 2 3z x xy y x y .              

1.8.30. 
2 22 3 4 5 2z x xy y x y . 
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4.4.3        
 

 1 

1.    
) /2xy

D

ye dxdy ; D : ln 2y , ln 3y , 2x , 4x . 

) 2 2 3 3(18 32 )
D

x y x y dxdy ; D : 1x , 3y x , 2y x . 

2.   : 

G

xy dxdydz ; G : 2 2 1x y , 0z , 1z , 0x , 0y . 

3.    : 3sin
3

a , [0;3 ]. 

4. ,    2 2
1 1

AB

y xdx dy
y x x y

   

   0x , 0y . 

 

 

 

 2 

1.   : 
) 2 cos2

D

y xy dxdy ; D : / 4y , / 2y , 1x , 2x . 

) 2 /8xy

D

y e dxdy ; D : 0x , 2y , / 2y x . 

2.   : 

( )
G

x y z dxdydz ; G : 0 x a , 0 y b , 0 z c . 

3.    2ln(1 )x t , 2arctgy t t , [0;1]t ,   
 / xy e . 
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4.   ( )x y dx dy     2 2 25x y   

 ( 5,0)A    (5,0)B . 
 

  



C   “  ”  
 

228 
 

 

 

     

 

1]  
 

. . ,  , , 2007.  

2]  
 

. . ,  , : , 1967.  

3]  
 

. .   . . ,  .  , 
: , 2000.  

4]  
 

. . , . .   . . ,    
 , 2011: , .  

5]  
 

. , «  : ,  , 
, .,» [  ]. Available: 

http://www.cleverstudents.ru/matrix/rank.html. [  : 25 03 2016]. 

6]  
 
. . , «  ,» 2011. [  ]. Available: 

http://matphys.rpd.univ.kiev.ua/downloads/courses/vyshka/algebra.pdf. [  
: 24 03 2016]. 

7]  
 
Landi, Giovanni, Zampini, Alessandro. Linear Algebra and Analytic 

Geometry for Physical Sciences // Landi, Giovanni, Zampini, Alessandro. - 
Springer International Publishing. 2018 - ISBN 978-3-319-78360-4. – 332 p. 

 
8.  . .,  . .  . – .: , 

1973 – 144 . 

9.  . .  //   . – .: . ., 

1977. – . 8. – . 99-112. 

10.  . .   . – :  , 1987. – . 113-132. 

11.  . .  . – .: , 1986. – 120 . 



C   “  ”  
 

229 
 

12.  . .,  . .,  . .  . – .: 

 , 1988. – 271 . 

13.  . .  . – .: , 1975. – 199 . 

14.  .  .     – .: , 

1971. – 440 . 

15.  . .  . – .: , 1959. – 232 . 

16.  . .  . – .:  , 1970. – 274 . 

17.  . .,  . .,  . .    . –  2. – .: 

 , 1974. – 464 . 

18. . . , . .  . - .: " ", - 1990. 671 . 

19. . . , . .   .  1. - .: - 2001. 546 . 

20. . . , . .   . - .: - 2001. 648 . 

21. . . , . . , . .      . 

- .: "  ", - 1972. 640 . 

22. . .   .  . - .:  " 

",-1966. 372 . 

23. . . , . . , . .      

 .  1. - .: "  ", - 1986. 304 . 

24. . . , . .  „      ” . 2006. 

25.   . .  «    .» . 

2000. 

26.   . .  «      

» . 2000. 

27.   . .  «       

» . 2002. 

28. . . , . .  „    ” 

( ) . 2005. 

29. . . , . .  „    ” 

( ) . 2005 



C   “  ”  
 

230 
 

 

 

  



C   “  ”  
 

231 
 

 

 

 


